226857 NB- 






Ec WT 
© -C BULLETIN ) 


BOARD OF EDITORS 


N. M. Basu, D.Sc. В. W. Levi, Ор.Рни,.МАХ. C. V. H. Rao, М.А. ^... - 
N. В. SEN, D.Sc., PH.D. M. В. BIDDIQI, М.А , PH.D. 
B. Снозн, D.Sc. (Secretary). 














Vor, 35 Макон, 1943 №. 1 
—— Lo = ar ~ 
CONTENTS 

iy ci s Pack 

1. Modern Algebra—By Е. W. Levi " E. n 
‘2. Some Infinite Integrals involving Bessel Functions—By . 

H. C. Gupta ТТ АТ En sigs T 


9. Stresses due to Forces and Couples acting in the Interior of 
a Slab placed оп a Rigid Foundation—By Bibhuti- 


bhusan Sen 
$. .A Note on Sonine's Polynominals I—By К. Basu - ... 21 
Review  ... "n Те ыз .. 88 
Accounts ., AN | 85 





CALCUTTA UNIVERSITY PRESS 
1943 


æl 


All correspondence with the Society, subscriptions to the Bulletin, 
admission fees and annual contributions of members are to be 
sent to the Secretary, Calcutta Mathematical Society, 92, Upper 
Circular Road, Calcutta. 


Papers intended for publication in the Bulletin of the Society, ' 


and all Editorial Correspondence, should be addressed to the Editorial 
Secretary, Calcutta Mathematical Society, 


The publications of the Caloutta Mathematical Society may be 
purchased direct from the Sooiety’s office, ог from ite agents— Messrs. 
Bowes” & Bowes, Booksellers and Publishers, 1, Trinity Street, 
Cambridge, England. и 


NOTICE TO AUTHORS 


The manuscript of each paper communicated for publication 
in this Journal should, be legibly written (preferably type-written) 
on one side of the paper and should be accompanied by a short 
abstract of the paper. 


References to literature in the text should be given, whenever 
possible, in chronclogical order, only the names of the authors and 
years of publication, in brackets, being given. They should be cited 
in full at the end of the paper, the author's name following in alpha- 
betical order, and each reference ів to be arranged in the following 
form, vis., name or names of authors ; year of publication ; name of 
the journal (abbreviation) ; number of volume ; and lastly the page 
number. The following would be a useful illustration : 


Wilson, B. M., 1922, Proc. Lond. Math. Soc. (2), 21, 285. 


Authors of papers printed in the Bulletin are entitled to receive, 
free of cost, 25 separate copies of their communications, They 
can, however, by previous notice to the Secretary, ascertain whether 


it will be possible to obtain more copies even on payment of the usual 


charges. 


? 


BULLETIN 


OF THE 


CALCUTTA 


MATHEMATICAL SOCIETY 





Vol. 85 


1943 — 


INDEX . 


Paor 
Basu, K. .. А Note on Bonine's Polynomials (Т) ED .. 21 
Do. ... А Note on Sonine's Polynomials (IT)  .. . 127 
Bhattacharyya, А. Ор а Measure of Divergence between two Statistical 
" Populations defined by thei? ‚ Probability 
i Distributions .. 99 
Biswas. В. М. ... Spontaneous €: Fluctuation and Gang 
Statistics x ... B5 
Chowdhury, А. C. ... On а Generalisation of feldemeiniód B Jud in a 
‘ Web m M "S pu HU 
Ghosh, 8. .. Stress Systems in rotating Aeolotropic Dises .. 601 
Ghosh, №. N, .. А Matrix-theory of Sorews in Hyper-space .. 115 
Gupta, H. C. .. Some Infinite Integrals involving Bessel Yünstiona.« | 084 
Do. ... -Some Self-reciprocal Functions m .. 67 
Hameed, Asghar ... On Mutually Self-polar Simplexes e a> 48 
Jabber, M. А. .. OnB8-groups  .. pa "T 111 
Levi, F. W. .. Modern Algebra 1 
Minakshisundaram, Оһ Expansion in Eigen- faeson of Bauna Value 
5. . ` Problems VI : Mis ai BY 
Pillai; 8. Б. .. Highly Abundant unas. 141 
Roy; Sunil Kumar... A Case of Polytropic Equilibrium ааа with 
variable Angular Velocity 85 


Sen, Bibhutibhusan Stresses due to Forces and Couples "m in the 
Interior of a Slab placed on а Rigid Foundation... 13 


Do. .. Note on the Uniqueness of Solution of Problems of 
thin Plates bent by Normal Pressures : ... 185 
Ben, М. В. ... Ona Problem in Heat Conduction in а Sphere — ... 181 
Sinha, В, . ... Some Infinite Integrals involving Bessel Functions 
s of Imaginary Arguments... д .. 87 


Bircar, H. -.. On Harmonic Functions  ... 2 us 71 


MODERN: ALGEBRA* 
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Е. W. Levi 
| It is а peculiar and even a dangerous thing to style a branch of Mathematics 
as '' modern."- Mathematical truth’ is expected to be everlasting, ' independent 
of time as well as of space, but '' Modern " is what tallies with the taste and the 
fashion of these days ; it bears the stamp of the present times and itis bound to 
pass away With them. For this reason I prefór in general the term '' General 
Algebra” which séems io me to be more suitable for common use, but as I want. 
to review today the general trend of the development of Algebra also in its timely 
aspect, the very often uséd'térm “Modern Algebra” may be conceded. 

By suggesting the term ''General Algebra" as a substitute for ''Modern 
Algebra. ": Ihavé'alréady expressed thé opinion that the characteristic of the 
Algebra of the present time is its huge’ generalisation and it will be the main 
purpose’ of this address to ‘show the reasons which have led to investigations of 
such a generality as are made in Algebra now-a-days, 16 is an often-heard allega- 
tion that easy generalisations of well-known theorems are sometimes made with 
the sole purpose of publishing one more mathematical paper, and I dare not say 
that this charge is complétely unjustified. It ів not my intention to discuss the 
statistical density of the more and the less valuable papers on the various branches 
df mathematios and фо increase thereby the number of the latter class. Looking 
at ‘the totality of the work done by ‘generalisation in Algebra, we must admit 
that our knowledge оЁ mathematics has been ‘considerably increased by it and 
that our understanding of mathematical theories has been enormously deepened. 
Theré‘are, of course, different degrees of understanding in Mathematics. If one 
has, e.g., studied а very* intricate proof of some theorem, followed the thread of 
the ideas; checked all its’ 'syllogisms, 80 that eventually one cannot help admitting 
that the ‘theorem must be true, then one has understood the topic, but it is the 
lowest degree of understanding only. It can-be improved by finding out the 
places where assumptions have been made, but this operation does not yet secure 
that those suppositions į are really ‘necessary. ТА ‘higher degree of understanding 
is reached when not only" the’ sufficient conditions for the validity of a theorem 
but also the necessary ones are established ; even then we might not be satisfied. 
We: want’ ‘to get-a full insight into the working of the mechanism of the proof. 
We want td know whether all the parts of that mechanism are necessary and 
why they ате во, Moréover, we shall sttempt to’ consider that particular theorem 
and its ‘proof not as an isolated item, but as a point in a web of mathematical 
ideas. When we have 1814: bare the threads end ‘conceived ihe whole of the 
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fabric, then only we have achieved the highest degree of understauding. But 
on “the way to this summit many new questions have arisen ; the old problem 
will appear to be а special case of в much more general one and this problem 
again requires full elarification.—Perhaps somebody in the audience may take 
exception to the use of terms like mechanism, web and fabric in a descriptign 
of the way in which modern algebra works by generalisation ; it might be objected 
that mathematics develops rather like a living. organism. lf we compare the 
growth of Algebra with that of a tree, we may state that in the 20th century, 
Algebra has been sinking its roots deeper and deeper; by doing s5, it has 
not only strengthened the stem, but plenty of sap has reached the top and 
has produced leaves, flowers and fruits as never before. ‚Ош the other *hand, the 
19th century appears to be a period when interest was concentrated on the 
upper portion of that tree and the gardeners did not further the growth of the. 
roots more than it was strictly necessary for the development of the top. 
Nevertheless, what has to be compared with a sinking of roots has already 
started in that period, and though the end of the last century appears to be 
aturning point in the trend of Algebra, one has to refer to the preceding period 
when describing how modern Algebra has developed. All its foundations have 
been laid at that, period already and it is interesting to state that many of the 
impulses leading to the modern algebraic movement came from outside Algebra. 
The notions of ‘ modul,’ ‘ring’ and ‘ideal’ originate from Arithmetic, but 
along way leads from modul as basis of a congruence of numbers used in 
elementary arithmetic to modul of general algebra which is synonymous with 
an additive abelian group. The notion of ring has been introduced by Hilbert 
‘as a set of numbers which is reproduced by addition, subtraction and multiplica- 
tion, for the purpose of investigations on algebraic numbers. Now-a-days one 
might consider rings of polynomials and rings of matrices as the most important 
instances of rings. Similarly, the theory of algebraic numbers gave origin to the 
notion of ideal. Kummer realised that in certain rings of integral algebraic 
numbers, in which the factorisation is not unique, a unique factorisation can be 
enforced by the introduction of ideal factors. The method of ideal elements is 
often used in mathematics where general rules show exceptions. The most 
obvious instances are the points at infinity which are introduced to avoid the 
distinction between coplanar and intersecting pairs of straight-lines. Similarly, 
complex numbers have been introduced to allot roots to every algebraic equation, 
irrational numbers to make every pair of segments commensurable, fractional 
numbers to remove the distinction between ratio and quotient, and negative 
numbers to make, subtraction of numbers possible in every case. This method 
of ideal element was applied by Kummer to describe the multiplicative arithmetic 
in rings of integral numbers by the means of elementary multiplicative arith- 
metic. Dedekind conceived them as certain aggregates of numbers calling 
these briefly ''ideals." These ideals have been generalised in modern Algebra ; 
every homomorphism of & ring maps a particular subset of it on the unit element 
of the ring, and such в subset is called an ideal of the ring. "hus the notion of 
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ideal, which was originally meant as ап absolute notion, has been transformed 
‘into а relative one. This is characteristic of the way by which generalisation 
in modern Algebra proceeds ; another characteristicum is the connection with 
* the operation of homomorphism. The notions homomorphism, ‘isomorphism, 
automorphism, endomorphism are perhaps the most fundamental ones in the 
Algebra of the present time. Historically, they originate from the permutations 
of a finite number of objects and from the linear transformations ; both came 
into the picture early in the 19th century. The consideration of permutations is 
в prerequisite of Galois’ theory, whereas the linear transformations are the 
‘algebraic equivalent of such geometrical operations as affinity, projeotivity, 
transformation of co-ordinates, etc. Permutations, as well as linear trans- 
‘formations, are special cases of automorphisms and, therefore, they lead nearly 
automatically to the concept of ‘group.’ The general importance of group is 
derived from the fact that wherever an entity admits automorphisms these 
are forming a group and that every group can be considered as в group of 
automorphisms. Group-theory is necessary because automorphisms must be 
studied.—A few words to explain the great interest which is due to auto- 
morphism, 
` Tnthe English language “ Mathematios ” has always been а plural, but in 
the second half of the 19th century, Mathematics became actually a plural—at 
least во. far as the object of investigations is concerned. Whereas in earlier 
times, the object of all the mathematical investigations consisted of the couple, 
number and space, and these were treated with в diversity of different methods, 
we possess now-a-days a store of more or less well interconnected methods which 
are applied to. the most different types of entities. To each entity belongs 
а particular '! mathematic ” (the ungrammatical singular may be excused I), 
6.g., there is в“ Geometry on the projective complex plang,” an “Algebra in the 
ring of the matrices of order n over the ring I [x]," an ‘‘Arithmetio in the ring I 
of the integral numbers," ete. The number of these different Mathematics i is 
infinite, but one can distinguish two essentially different kinds of them. In the 
Arithmetic. of I, every element—i.e. , every integral number—can be determined 
uniquely by methods belonging to that arithmetic. In other theories it is 
different ; the system admits automorphisms by whioh it is mapped on itself, 
al the relations between the elements remaining invariant, thus not every 
‘element can be singled’ out by operations belonging to the theory itself. In 
Euclidean geometry, e.g., all the points are equivalent, but not all the triplets of 
‘points. ‚ Between different, mathematical systems there might be a (1,1) 
‘correspondence which reproduces all the operations in them. Such systems 
‘are -called isomorphic, and as the entities are nob considered to be as 
interesting . as the system of laws which hold in each of them and which 
interconnect its elements, isomorphio systems are often considered to be 
equivalent: or even identioal. The group of automorphisms is the first invarient 
of & set of isomorphic systems ; to each of its sub-groups there correspond 
derived entities which remain invariant. for that group, and conversely, So 
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group-theory furnishes the natural classification of the derived mathematical 
entities in any system in which exist non-trivial automorphisms. 

On the other hand, а group can be considered as a system which is the object 
of ‘‘a mathematic.” 1f one omits the abstract sets, the groups and similar 
formations (like semi-groups, groupoids) are even the most simple systems, 
since there is one kind of relation only combining different elements. For 
_ this reason, the notion of group is of a generality which very often makes 
restrictions desirable. It has been proved to be very helpful to distinguish 
a particular seipi-group of-endomorphisms ір а group; by this way one obtains 

‘* groups with operators.’’ If one identifies these operators with the nen-singular 
‘elements of the group, « one comes to systems with double composition, of which 
the rings and the fields are the most important instances. 

Ihe notion 'of field originates from the notion of “fields of algebraic 
numbers''; the introduction of the latter was necessitated by Galois’ theory ; 
thus it comes from Algebra and not from Arithmetic. . However, it owes much 
to the algebraic number theory, although the basis of this theory does not consist 
of the fields but of certain rings, of which these fields are the quotient fields. 
The general notion of field was given first by Heinrich Weber, but the importance 
of this generalisation was recognised much later only. It is characteristic of 
the development of Mathematics and of Algebra in particular, during the last 150 
years, that the most important notions have been formed gradually, and even 
when they were defiüitely coined, they were not immediately put in the place 
due to them, m 

In this connection I may ‘mention the notion of ‘‘indeterminate,”’ which 
plays such an important role in modern algebra. Itis a very easy thing to 
state: ‘‘Here æ is not а variable, but an object of its own kind, 
created by our own mind and connected with other entities by certain relations 
satisfying ` certain conditions." А very long development, however, was 
necessary before mathematicians dared to undertake such a step and to 
become fully conscious of what they really did. One could attribute the 
introduction of the indeterminate to Kronecker. Не used it in order to‘ give a 
basis to the notion of root of algebraic equation, which is independent of any 
irrationality. It was в philosophical argument which led to this oreation. 
Kronecker objected to the classical theory of irrationality for reasons similar to 
‘those for which the Intuitionists object to it in more modern times. А popular 
formulation of this opinion is that only the natural numbers are made by God 
and that all the other notions are human artifices, Bo he was the first to 
perform the most daring human artifice, to create an object of his own mind, 
which is'nothing else than just an object” with a name—say =. Kronecker’s 
method can be traced back to Cauchy who has introduced the complex number 
in the very same way—though the importance of that step was recognised but 
slowly. One of its consequences was that Algebraic Geometry got rigorous 
foundations and many dubious methods in this branch of Mathematics were 
either confirmed or swept away. 
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These few Ed “may ТА to lw ibat the devélopment of modern 
algebra i is due. to reasons of two different kinds. There are ‘‘inner.mathematical 
reasons," во to speak, to mect the needs of ‘particular branches of Mathematios ; ; 
some of them have been mentioned here. But these’ reasons could not have 
led to this particular kind of Algebra unless the general trend of mind was 
prepared for it. | 

From ‘the beginning of, the Mathematioal Renaissance which started with 
the discovery of ‘Differential and ‘Integral Calculus, we are being drowned by an 
abundance of mathematical results, which need в careful arrangement for 
becomingsaccessible toourmind. In the first two centuries, all critical investiga- 
tions on the fundamentals were—sometimes wilfully—neglected ; , 16 was & time 
,of uncritical "going ahead." “At the beginning of the 19th century: a correction 
of the situation could not be avoided any longer. The revision of the fundamentals 
“started from two points simultaneously, the fundamentals of Analysis and those 
of Geometry were investigated and fortified. The first class of investigations 
created the movement for rebirth of logical rigour in mathematics, whereas the 
“second class presented us ‘with’ a renewal and amplification of the axiomatic 
method. À movement ‘which showed so much, success at an early stage was 
bound’ to continue, The mathematicians wére not satisfied Бу’ earning new 
results; they wanted to come-to a deeper understanding of mathematics, to the 
true meaning of notions and of theorems, to the interconnecting links between 
them, to the limits of the range of methods, and they asked for principles which 
could bring order into the amazing riches of results. The longer critical 
investigations on the fundamentals were continued, the more the mathematical 
objects faded away and the interest shifted to the interconnecting relations, 
By considering these relations, the mathematicians obtained such ordering 
principles as transformation, homomorphism, group, which they needed urgently. 
The critical state of mind proved to be helpful to mathematical research. 
In Mathematics, there is no antagonism between critical investigation and 
productive work. : 

Under these conditions, Modern Algebra was being built. Let us have a 
glance at № now. On the basia of Group theory is erected a 8-storied building 
containing theories of fields, commutative rings and non-commutative 
rings. Galois’ theory is contained in the theory of fields, whereas topics like 
ideals of polynomials, algebraic manifolds, theory of resultants (elimination) 
and integral algebraic elementa (algebraic numbers) belong to the theory 
of commutative rings, In the floor of the non-commutative rings, the 
hypercomplex systems (also called ‘Algebras’) occupy the most conspi- 
euous place, Close to this building~is situated the theory of matrices 
containing the matrices over fields and those over rings, the whole of linear 
algebra and of quadratic forms; there are many interconnections with the 
subjects mentioned earlier as show the notations: matrix representation of 
groups and of hypercomplex systems. Tensor algebra belongs also to the 
matrix theory ; it furnishes a connection with the theory of covariants and 


6 В. W. LEVI 


inwariants which has been somewhat neglected in this century. This Fonera 
Algebra is not unconnected with the Classical Algebra which can be defined as 
the Algebra over the field of the real ог the field of the complex numbers ; “the 
theories of the *' formally real fields ” end-of the “closed fields '"" have established # 
some “contact already. It is not possible to enumerate here all the contacta 
which exist between Algebra and the other principal branches of’ Mathematics 
—Arithmetie, Geometry and Analysis. The Algebra of our present time is fer 
from being completed; it is growing rapidly, and the aketch given here may be 
out of date within a short time. 

' When reviewing the achievements of Mathematics in the last few decades à 
and in particular those of Algebra, one cannot possibly feel like "in a world 
where materialism and greed have suffocated idealism and all traces of independent 
thinking. When the world is really as bad ‘as some moralists pretend and 
` a great portion of the general publie is willing to believe, how is № possible that 
generations of mathematicians are working with unabated idealism and do not 
cease to produce novel and original ideas?— This remark is certainly, outside 
the competence of a professor of mathematics, but it might be conceded to me 
аз в cheering up welcome and New-year’s greetings of the Calcutta Mathematical 
Society to our guests who have come to this city to attend the Indian Science 
Congress. Г 


See 


SOME INFINITE INTEGRALS INVOLVING BESSEL FUNCTIONS ` 


Ву 
Н. C. Gupta ; . 


(Communicated by the Beoretaty— Received November 2, 1942) 


1. The object of this paper is to evaluate some infinite integrals involving 
Bessel Functions. The integrals investigated here are pretty general and their 
integrands contain either the product of two or more Bessel Functions or the 
product ofa Bessel Function and two Parabolic Cylinder Functions, 


2. We start with Gegenbauer's integral (Watson, 1922, §18°47, (18)) 
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provided that z > 2a, R(A-- v +$) > R(n) > 0. 
Now multiply both sides of (2.1) by ат Ау, (32?) and inte- 
grate with respect to x from 0 tooo. Then 


f А а?) (аР, iat 
о a о 


= arsine) [21—10 iw, „бе a Q3 
о », 

L2? *! "?TPQO)TU- m - 3) (07 m 3) 

> Tl-k+1) 


on using a formula given by Goldstein (1982). 
The !2ft-hand side of (2:2), on changing the order of integration, becomes 
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Evaluuting the inner integral of this by a known formula (Varmu, 1989), 
we get 
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The change in the order of integration effected in (2:2) is justified if the 
double integral . 


[emensus mna 


r, 
is йыда, which is go if В(А+›+$);> R(n 2 and R(n+l4+m) > —4. 
Hence the result (2:8) is true when R(l-E m+n) > —3 and R(A v 6) > R(n) > 0. 
8. We shall now discuss some interesting particular cases of (2:8). The 
generalised hypergeometric function gf", degenerates into ,F,, when (i) 1+ = +, 
or (ii) m=k—4, or (ii) L-m=4, or (19) m+hk=4. 


Cases (1) and (iii) give the integral | 
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which, as can easily be seen, on patting 24=1-п-+1, and using the duplication 
formula for Gamma function, reduces to a result recently given by Miss 
. Sinha (1942). | 
4. We know thatit фу(р) = f(z), ie 
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where $ is а constant >> 0, 
Applying this theorem to Van der Pol's result (1929), vis., 
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Now а form of Parseval's theorem recently given by Goldstein (1982) is 
that if pı (p) aed $9(p) are operationally related to fi (=) and fo(x) respectively, 
then s 
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Applying this theorem to (4'1) and the following result due to Meijer (1937) 
кта с) рет) Юр (po 17) = 3,2), 2o (42) 
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Evaluating the last integral (Watson, 1922, p. 486), we get 
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provided that.t>0° and R(Qm+2)>Rin+#) >0, В(т)>—{. ` 
5. We now establish a lemma, в particular case of which is required ір · 
evaluating an integral. 
Lemma. 
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апа (Humbert, 1984) 
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We then have 
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This proves the emma. 


6. Now multiply both sides of (2:1) by 
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and integrate with respect to z from 0 to оо. Then 
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Changing the order of integration [valid when R(A+v+§8) > R(n)7 0 and 
R(2m +8) > R(n)] in the double integral and using (4:8) and the above lemma, 
we have 
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where ¢(t) is the expression on the right side of (4'8) provided that 

R(A+v+2) > 2m > 0 and R(A+v) > 2n > 0. 

7. Lastly, multiply both sides of (2:1) by z^! ezp(—1/z) and integrate with 
respect to z from 0 to œ , and proceed in the above manner. We: реф: оп using 
the integrals (Hardy, 1926) 
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‚ provided that R(n) > 0. 
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In conclusion, I wish to express my gratitude to Dr. R. В, Varma» for 
suggesting the problem and for taking a keen interest in the preparation of this 


„paper. 
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STRESSES DUE TO FORCES AND COUPLES AOTING IN THE 
INTERIOR OF AN INFINITE ELASTIO SLAB PLACED ON 
A RIGID FOUNDATION ! 
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-Introduction 


Stresses due to isolated forces, centres of compression:and centres of rotation 
operating in the interior of a. semi-infinite elastic solid have been determined 
in a previous paper * (Sen, 1940). The object of the present one is to find the 
гезде and displacements due to а force ога couple acting inside an infinite 
&lestio" slab of finite ‘and uniform -thickness which rests on and adheres to a 
‘perfectly rigid foundation. "These problems'seem to have “important applications 
in soil mechanics; for we may виррове ^the infinite slab considered here to be 
formed by an infinite layer of soft ground resting on a rigid foundation. Similar 
problems of forces and couples &ücting on the surface of such в slab have already 
been discussed in а different manner by Passer (1985) and the author (Sen, 1987) 
respectively. The method followed: in this paper is the same as that of Paper I 
(Ben, 1940) of which some results are ‘assumed here without proof. In the 
solutions the stresses have been expressed as integrals. No attempt has been 
made to have numerical values of the stresses from these integrals in the case 
of a force acting inside the slab. But for the case of a couple, a method of 
finding approximately the stresses on the plane base is given. | 


E otea JE GE yo wi 1. Method of. solution. га мек 


КА guppose ‘thet P upper surface of the slab is giyen by the plane 4—0, 
the axis of s being drawn into the body. 

We сап represent the other face which rests on & rigid fo foundation Ey the 
"plane s=k. In Paper І, we have seen ‘how the stressdé (a, ту zy, Ts, Yy, ‘ys, 43) and 
displacements (u, v, w) due to а force or some nucleus of strain operating at 
the point (0, 0, c) inside a semi-infinite solid -can.be found.. These stresses 
and displacements vanish at infinite distances from the plane surface s—0 
which is free from stress. `'Тһе` above- nientioned stresses and displacements 
being known, we are now to find another system of stresses which still keep 
“the plane surface #=0 free from ‘stress and: yield displacements nullifying 
(u, v, w) on the surface в=Ё. Leb us use the ‘subscript ae the new system. 


* This paper will be referred ae 88 Paper L —There is в misprint i in the result (8.4) of the 
paper where the expression for V, should be log (z--o--R,) and not log (s+By). 
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Then the precise statement of the conditions is that a system of stresses is to be 
found which will give 
ё — 


hs Ysg — 8840, when 2*0, ... (11) 


while the displacements ‘(из, ©з, wg) producing these stresses should be such 
that 

U Ug =V Ug Ws, when 2—k, .. (1.2) 
(и, v, ш) being the displacements obtained ог a force or a couple (ав the case 
may be) operating at the point (0, О, c) inside a semi-infinite solid bounded by 
the plane $:0. The resultant displacements at any point of the slab will be 


A t Ug, 9 Ug, WU b Ws, ... (1.8) 


and the resultant stresses:at the point will.be given by | 


99 +798, yet yes, 48 +885. 
The new system of stresses must be physically possible in an elastic dolid and 
consequently the consistency equations and the equations of equilibrium must 
be satisfied by ћеш. “Hence we shall Анк Paper I (1.4)] 


CH Big, H+ Bia, Ba + Bes, | s 


war) gs tb 

я = Ii 99s 

yrs Asc) в oy +», ... (1.5) 
\ 

= Wc 

"3 = 2 ао) * oe +, 


M 


where с is Poisson’s ratio, ©@3= I even Yis Ya and үз are harmonic 
functions vanishing on the plane #=0. 

These stresses expressed in the above form ensure the satisfaction of the 
conditions (1.1). Usually, some constant multipliers [to be determined from the 
conditions (1.2)] will be associated with y, Yg and уз, 

Moreover, we have from the equations of equilibrium, 


Ем + ts } ... (186) 


ry 


and from stress-strain relations, 





AZ =F [(1 tojis, еу], 

Qva 803 alto) Us Tc | «t 
Е; + ay E y*s; | ... (1.7) 
ди; ‚9,  2(1to)7^ 

OMS q o8 uf t 

ЕР + Әх E 283. 
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We ean find expressions for u$, v, and wg (involving the constant multipliers 
of үу, уо and ys) which satisfy the above relations. Since (и, v, ш) are known 
then from tHe conditions (1.2); the unknown constants cam be found. Thus the 
new system of displacements and henos the stresses are completely determined. 

* 


2.’ A force operating at the point (0, 0, c) along the s azis 


If a force of magnitude P act along the z-axis at the point (0, 0, c) of 
a semi- -infinite elastic solid, with the surface $-:0 free from stress, we have the 
displacements [Paper I, (2.9)] 


= P(lto)z |#—с +ê- 4c)(8—c) | 4(1—0)(1-— 20) 4 во (а + о) 
8z(1—o)E a Rg В.(Ва+2+с) R$ : 





_ C P( oy EE _ A(1—e)(1-2c) уа 





^ 8r(1—o)E | RÌ Ra? RaRa t $-- c) Ro’ (2.1) 

4 P(l+o) 8—4c (8—0)? | 6-120 +80? | (8—4o)(2 +c)? — 2c 

8л(1—е)& В, R,’ Reg Во? 
Gcz(s-- с)? 
d 2: 
where 
R$ =g? +y? + (s —c)?, and R§=a? +y? (a 4 c)?. .. (2.2) 
Writing r for „28 +у%, we have 
E = f 7^ 6793, 602 (8270), | 

к 9 | .. (2.8) 


Lo f —a(&8 +c) 
anf ( Jo(ar)da, J 


0 


(ат) being a Bessel’s function of the first kind and the zeroeth order. Sub- 
stituting these values in (2.1) we shall have, on the surface s =k, 


М, 55) "uo Š- Глоба, 





[v], .. Ef ще) È [20614 a (2.4) 


[w], ре [ ма) обот), 
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where : 
El (k—c)e 2079) + (8-4) (k—c)e К+) 
А _ 4(1—о)(1—2е) QS o) Р а E 
мө 25| (8-4) 0—0) + (koae 7 Ж... 
+ (5-126 +8e8)e 7 °F), (8-4о)(К-+-с)ов 7 9) 
mae cke — did 


To find the compensating displacements ug, Vg, Wg, let us put (1.5) as 


~ 1 
Ta = — Bite esf А(а) sinh as 2 [To(ar) )]da, TE 
UE. 1 z203 a) sinhas— а 
Viso aos es + fa ава 217. 14а, .. (2.6) 
m=- 1 „9®з+ [ aB(a) sinh ая Jo(ar)da, - | 

? 2+0) Әя рын. J 


where Afa) and B(a) [which will be henceforth written simply as A and B] 
are some functions of a. These expressions make 257485 —425—0 on the 
plane 2£—0. The relation (1.6) then gives 
© 
993-20 хо) f^ [B cosh о#—А sinh os]J, (arida, 
0 


which is satisfied, if we take 


O= +o) | «(в sinh a2 — А cosh а] То (от) да, ... (2.9) 


This value of 9; being substituted into (2.6), we get 


© 
zis- f [—оя(В sinh as—A cosh аз) + А sinh ав] 2 [To (ar) da, | 
0 
t 


* o 
з | [-с*(В sinh as — А cosh ағ) + А sinh az] & oor), (2.8) 
о B 


м 


яя = f [—a32(B cosh ая – А sinh as) +aB sinh ‘оя] о (от)4а. 
J | 
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Particular values of из, vs and wg satisfying the stresss-train relations (1.7) gre 
then given by 


Mg IE (2(1—o)'cosh аж + ож sinh as) 5 
о 


-Bia —2c).sinh of + аз cosh as уада, 





it / |820) cosh az + ав Binh as) 
(279) 
Set sinh аж +ая cosh zi Jda, 


w=- Im i в cosh as —(1—2c) sinh as) | 
0 


+ вас) cosh a£ —o£ sinh as} ]Jo(ar)da. | 


The conditions (1.2) will be satisfied if 


A [2(1—0) cosh ak -- ok sinh ak] -B[(1-2c) sinh ой +ak cosh ok] = ОТ. (а) 
A[ —ak cosh ak + (1—20) sinhak] — B[2(1 —o) cosh ak—ak sinh ak] =М (а) 


Р 


whence we get 


А-а (a){2(1 —o) cosh ak — ak sinh 2) 
*M(3)(— 2c) sinh ak + ck cosh ak)], 


Bel [-aL( a){(1—2c) sinh ak —ak gosh ok} 
+М(а){2(1— 20) cosh ak ok sinh ak}], 


where A=[(1—2c)® sinhtak— afk? cosh®ak] 
—[4(1—е)? cosh?ak— a?k® ginh?ak]. 


Values of A and B being known, из, Ug, Wg snd hence the stress components 
given by these displacements can be found. Ib сап be easily seen that the 
definite integrals involved in the expressions for и, v and w are convergent 
when a—>0 as well as when a—»oo. For given values of k and v, these 
integrals can be evaluated by the method of quadratures. 


8.’ A couple operating at the point (0, 0, c). 


Let there be в centre of rotation about the axis of ғ bperating at the point 
(0, 0, с). The forces applied to the hody ia the neighbourhood of the point 
8— 1408P—1 


A REN А B. SEN с°з о ©. 


beipg. statically equivalent to a couple of moment Q, we have in а “тал 
solid bounded by the plane «—0 [vide Paper I, $8] the stresses E 


< „80у | жс stoj — Е 
| Кис E ES | и 
i 805 я-суя+с| . ... (8.1) 
ЩЕ 8л Б;5 Bg5 , 
| вв=0, ©=0, | 
and the displacements 25 P x i : 
£ ios 
cu 1.1 
1 E М l 
ч ME 2 (8.2) 


Бур deve 
QüXes|1^ |" 
тт 4" Е lis 3 +В | 


To find the displacements ‘Abs and vg which nullify the above displacements 
on the plane я=Ё, let us put the results (1.5) as .— . . ., 


we 





T oe 975 i- fow sinh aÊ [J erae 

ac * s (8.8) 
=" тез f Ofa) sinh аа 2[5 (ar) ] da, 
4552-0. : . Л Я . £v. 


T7 D 
$ + 


А 
| These satisfy the consistency equations as well as the conditions that 


: 283 Agr raa cO when #=0. 


` 
r 


The polation ae в) is also satisfied i we take 93-0. In that case we re have , 


ste oe 

eS, zi су sinh as 2 à; ole 
а. ef 
d DAT + fein’ [sends ж NS 


та scu ' 


2. К 


“The stress- strain’ ‘relations 1 7) sin 8180 be satisfied provided we take 
103=0, | 


элг EOL SD cosh аә ае), | - m 
0 ` 


e E » _ Я 
dE ' nG "gg Atto) + [H2 cosh as ‘OZ (ar) [da. о. 
п АЖ: E | a . ex * Г 
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Again from (8.2) we have on the plane «=k, 


[«].-в= ua un cosh “бу Bord à, 


= (8.8) 
1 ый A 
Meta e Е gosh ac 2 a; Fo! ar)d 
Since u-F ug —0, 9 +05 =0 on the plane жай, we must RES 
= git cosh ac | | 
| C(a)=- Sub ... (87) 
. . Thus уе get at any pojnt the resultant displacements 
ииз, +g, 0, . dA 
where из and v4 are given by 
__ Qo) / mv $ 
Ug dE 1 e сов of з ee 
| | (8.8) 
02 0(1+ое) g-«& cosh об $ 
ELE ^ ou S (olor) day 
and the resultant stresses on в plane A. are 
жя 235, yi + Yes, 0, " 
where 
af h | 
dm ni. wb. ~ak COBD aC = 
Tks 25 fos ar Рав ай [Фо (ог) ]da, \ 
(8.9) 


-— f Lap COShoc . 
mag |е Еа sinh аа, [2 (ат) а. | 
Other non-vanishing stress Gori potietite can be caloulated from ( (8.2) and (8.8). 


On the surface s=k we have 


Е T o5 (8.10) 


‚ 4. Approzimations ' 


In this section.& method of finding the approximate values of, the integral I 
given in (8.10) will be discussed. ,In the first instance;we shall assume that k'is 
small in comparison with r, the distance of the point considered from the. axis of 8, 
while in the second case we shall assume that r is small compared, with k. 

Case I. When К is small compared with т, let us expand tanh ak in 
ascending powers of ak and obtain 


t= f ^. СА 2E ~is [estre yr enge ake (4.1) 
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If we put 
К—о=ру сов бү, rp; sin 0,, K+c=pg cos 09, T= ра Sin бә, | 
` : | Re (4.2) 


so thst — pj (k—c)9 +7? aud pg V (k + o)? 7?, 
we know that (Gray and Mathews, 1922, 100) ` 





ое) > Е рии), 
J j bo 

0 

а : e. (4.8) 
2, [ 7779 ena aper Pala): 

$ е 


where ру =с0901, ра =совба and P$(u;), Рта) are the usual associated 
Legendre functions. 
Utilizing the above resulte, we get 


а оаа. 5 eq. а), 2 (44 


ate 








21} P P2 Pi P 
It is evident that for Jarge values of r and hence of p, and pa compared with k, 
we get sufficiently accurate values of I by са ‘only a few terms of the 
series (4.4). E, "E uu te ti 
Case II. For large values of Ie let us put .. 
a-t tanh ak =6~** — 967545 4.997543 — 20-198... 


whence we get 


" 





af. x aie а йы mn p 
ато) a 2595796 Et 0 24857 545+... ie Jd 1(ст)аа. ... (4.5) 
For evaluating this integral we use the result 
pg чс, ` * 
[menn M LI I А | 
J (b3:2)9 — b*(14 72/588 i 
Hence ; 1 C i Ere 
Cael oa "9 
(k-c)*[Ler2/(k—0)9]9 — (8k-0)*[1+79/(8k—0)2]8 7 


1 2 


+ ы кыт Ах RO 
(k+0)4[1+72/(k+0)?] (8k+c)*[1+73/(8k+¢ y] 1202 | e (4.6) 


‘For’ small values of r'compared. with К and o, a few terms ot the above series 
wilt suffice for the determination of I with sufficient accuracy. © M 
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А NOTE ON SONINE'8 POLYNOMIALS I 
А 5 Bv 
К. Basu 


ue» 


(Communicated by the Secretdry— Received, March 8, 1948) 


Abstract: An attempt has been made to discuss some properties. of Bonine's polynomial 
function : 168 construction from a generating function analogous to that for "Laguetre polynomials ; 
evaluation of certain definite integrals involving products of Sonine functions; establishment of a few 
recurrng formulae; and lastly, в treatment is given for representation of the function in terms of 
contour integrals by attacking direct the equation itself which the ‘function ae ERU losing 
sight of the asymptotic form of this function. 


Up till now proper attention has hardly been paid to a form of confluent 
hypergeometric functional equation which is satisfied by Sonine's polynomial 
function (Sonine, 1880), Certain properties of this function have been found to 
be useful in tackling wave-mechanical problems, especially, in the work of 
solutions of some complex equations that can be framed in Diras and Schrodinger 
mechanics. In this connection the role played by a kindred function, vis., 
thé Laguerre polynomial is too well known. Although confluent hypergeometric 
function, in some form or other, has been studied exhaustively by several &uthors 
for over a long period, it is apropos to discuss Sonine’s function in order that its 
properties may form a tool at the hands of students of Applied Mathematics and 
Physics, My next endeavour will be to supplement a few of its applications, in 
order to justify that this function ought to play a good part if it is found to be 
more advantageous. 


I 


The generating function of Sonine’s. polynomial ‘written in а slightly 
modified form as 


8" (s) = 1- Ss GL asy Sur, бош (ы) 


n(n—1)...(n—7--1) 


where (2) = | 


‚ А. =МҖА+1).. Qr r1), Bn. stands for any 


rational positive ОЧКО 16 сап be constructed thus. 


— ezp(—at[1—1) TA +n) on 
а ОА. = 5” SIPQ) А; 


as the explicit form given by (1.1) of ‘the function В can be verified easily. 
Further, it is clear from actual substitution that 8? Ма) = В satisfies the equation: 


(jJt{<1)... (1.2) 





m „898 + zs 48 ns = 0. 


í 4 м ... (18) 
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Writing it in self-adjoint form we get 


‚ Gf 47 5,^d8 +T” A lug = 0.. 2. 41.4) 
. da dz | j 


Another self-adjoint form for S'= Ва) will be 


` (А 
steer NS иви = 0, TES, 


Multiplying (1.4) and (1.5) by В’ and 8 in order, and subtracting, we get 


is^ г (eit в: :J t (n—n)e 7 "2^ tSS 0. i 
- | ба 


e i? 


It follows as a consequence 


=x = = р + 1 
f e "ah 136 (e)8" (ads = = 


-n7 
о V 2 





а” As = 8 w) | =0 (пт). (1.6) 
40 E qe 





` It may. be ‘noted that uttin =e bd 8 *(4), equation (1.8) may be thrown 
rir à pusvng À 


into: the form, 





(=. ES y 2 T idi 
where — xl Clearly y is Wittaker’s function А Me | ^1 i 
: IL 
Since зл = à T IRIS 8 (2) ({t| <1) 
and асад. 2 ADS Sale) (ls] «0 


we geb by multiplication, and lastly by mulsiplyiug by. a factor e-*s” and 
integrating between О and со: 


Е В. р 
Фвр 1—8 ——— rada . i 
p ce $ $3 PV в" Г(А+н)(и+ m) 
J а-а-а) xcd I а 
x f nes 6) Sajda- a (2.1) 
0 "m 


Putting k2(1—18)/(1—t)(1—8), aad observing that, in genu 


f в7**ш#йл = D(B+1)/a®*1 . ve (2.3) 


0 
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we get, equating coefficients of $" 3" from both sides, А 


Г. rent (B (ads onl ay y ptu х {coefficient of pam in the expan- 


J _ DAEN utm) — 


sion of (1—t)P * MR ... (2.8) 
(a) When p-lz»A and > д. This coefficient 


Е = x-r(**2^* yet EDS ME yer. 


р —p—1Y _,_үт Г(р+т+1) pue Г(р+2-А) 
ы. ( т Jeo Тр +1) ( т r—p-A-r42) 


pose Г(р+2- | с 
n MD (p—p—rl +2) © 
- And, since r+r=n, rl +7=m, the result (2.8) takes the form: 


^ En р+1>®\А( 4. куип lm IDAT UT 3 —A)T (p 2— н) 
E oc ob = s] T + л) (p 4- m) 





"S Г(р+т+1) 
"i, UAE n pr ^^ 09 
the Mn extends to т or n, whichever is less. ` 


(0), When ^>р+1> р. This coefficient of te 


EES s x- Mr ке (rt). 


Atptl) _ qo. Г(А—р+т—1) | 
Noting that (= b )-t g. Арт ‚ we write 


Е 
0 





Deum pear 
Я (<) т—т Г(р+т+1)Г(А— р- ipu —т) 
х ES (-) (n—7) (m т) Ir (p+ 397a —m 47) ... (2.5) 


(в) When A>p>ptle "i = "ES 





е 81008 E d 


) аерата рР—1)Г(д—р—1) 


ЭЕ" Т(р+т+1)Г(А—р-—1+п-+}Г(аи-р-1+т-) (0.6 
eb. n=) n=) dud. 


x 
(d) When A=p, p=A+1. “Tt is clear fróm (2.8) that 


HORE Sr (ds = 0 (n + т) zoe ЧОТ] 
J А 
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Анива — ШЕЛ)? E |! 
anti IE Sr (а)8 беда» Tory o L 28) 
(e) When A= u, p=A, we get, fists either (2.3) or (2.4), the following :— * A 
у (А да " (А + п)» [TA]? 
f дел (в)8вуйз = От TEQUE iu d, ... (2.9) 
ТТА = вж ирге 
J в-*8 ee (ajda O is (2.10) 
Still more general types of integrals can be handled in this manner: Е 
| (= © ri) | ° 
oF eap(—Bdzet/1—t) —, PA M? T $ m" i. Tn) В, 
(1-59^ (1-2 neo nl ГА) E 


v 1+3 
аа AM TEE) ли тоны 8814) 
(1-з) EE A 7 





Multiplying together and introducing a factor «P and- integrating between 0 and 
оо, we get 


F p (An Raia 2 _ n Im IPQ)ITQ) 
/ а?в Ва ева = TU 
с As 
‘x coeff. of PERI rear , where Л =A, n + its 
1—25^ (1—s)# | 1-t 1—8 
бо of i^s"* in мыйы ос) — d 3. | ... (@.11) 
DA+n2)0 (u+ m) ü- à ü- =s) Arn 
1o Е О Р+І-А q ур+1-и 
ОА Ue ЛР Аа) а) 
where 9= (Ay — Àa) ЦА + Ag). | | | 


Using multinomial theorem we find the general term of [ ye in the above, 
which means 


—g)—tg|~P-t= E: Гат). Bt. os (ig 
[1-- 6(£— 8) 71s] ?7! a ays TG-DEWÉT (00) (— 6a)" ( — ts) 


КЕ _үллу+8  I(p-er-41) +у8+8,у+8 . = : 
Ere PODER | ела ee) 


Considering the case p -- 17-A7p, the co-efficient stands thus 
| тү+та+т+у+8`_п1т1Г(д)Г(ш/Г(р+1) В+ 


ЬУ Es ми (А (ш (ptt) — 
233233005 P O EAP TAn (oem) 
р+1--^\[р+1-в} Г(р+т+1) tT, +8+8 trot ytd 
n | A Jes Pear em PR еи 
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Out of six unknowns, viz. В, у, 8, ту, Га, т, we have only three relations 
vis., Tj 4 B 6x n, та+у+ё=т and B+y+8=r. Hence we see that 


| few woa (98, (9A )da pna ndm | 





$ >в; Аны 
zs т. LN pente nim IPQJDQJT (p 1 B4-y43) 
-B=0 у=0 8-0 Ce леа 
р+1—А\[р+1-к ' | 
| <; ire aes) MEE ем) 
. Ш | , 
Since 2 exp(—st/1-t) .. ezp(—2t]1—t) „ Y | Au 
ИТЕУ TET 0-98 < 
| S i Т(А+т) = = IY(n- m) s t Ia-nu-r) 
жерте: е T В, uS Dg) "aha Vr D) 
; Эп p ^e m 
з тт Г{д-кэпһ)Г(А— д+Ет) 
у et ui тЫ) Su): 
If m+ т=п, equating co-efficienta of t" we derive: 
а n IIA) $ (и+ъ—т)Г(А-— ptt) g 
В) TOCESITQT(A 2, Е prope AM 


From Eq. (2.4) we get when А:=д (m < n) 


f -QR - = mtn [TAI (p -2— —2)]? 
/ oom *8* (в) (ва = (—) тег | 
X8 Dele " 82) 


i. reo 9-7) (m—7)IzIP(p--2-A—n4 7)L'(p-2-A—m 2) у 
We observe that p—A—2,A—8, ... give zero values in each саве. 
(А) When p=A-1: | К 
© А . ка ЙЕ a ed - 
| [^ sss Буба) е = та п) B eR 
The only possible contribution comes from = m, and we gen result (2.8), although 
result (2.7) is self-evident. „АУ, E 
АВ) When p=A: seg ONE 
REGIA mem) | ` Е 84) 
ГА n)n-m-1)(m-c1—-n)! : 


summing up the series in the reverse order, i.e., starting from т=т, =Й, pd 
Under this we get the following cages: n=m and n = т +1, already dealt with, and 


[^ e^* В) Sr (gjde = (—)*** 


[^ совете (вт 22.2) = 0. 00e (8.5) 
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(C) . When p=A+1: | 
ЕТ NE TENER T 2[DQ)]?s ЦЕ} 
IL «78,008, ()de = ("рита lam cnea 09 
wheres КЕ = M[(n— m)? +8(%— т) +2] +A[(n—m)? +B(2m+1)(n—m) 
+ 2(6m +1)] + 6m(n + m). 


We get altogether three oases having non-zero values, vis., when n2 m, 
m+lendm+2. Thus 


] (в) ()ds = "roa {4#+(@»+1)д+6з®} ... (ET) 


ETUR Ges 5 1[D()]22(0. + 2n — 1) ... (8.8) 


Г(А+»—1) 


oh 1-8 (а)В, * (da = = AEO ... (8.9) 


Mr] cmg o 


© 
and, of course, [eters 8, (e)da{n—m > 8} = 0, .. (8.10) 


Let us evaluate another type of integrals (when the lower suffix А varies) with 
the help of above results and result (8.1). 


(D) WhenA-g4-1. (n=m) 


(a) p=A—2. 
f 5372, 7* Saa) 8t. (8)йа 
e 
af 2,759 an n ГС) t Т(А-1+п-т) qn-—7 
| к NO оте ао 
taking over the series for Sx (2) from .. (8.1) 


The only contribution to the integral, from the series, is (when т=0) the 
А | 
factor of B, (9). Hence, after reduction, 


f A-2 nr RR n IPQ)TPQ —1) 
в е В" (8) Ви. (s)\de =. .. (8.11) 
f AU Ac Г( +) 
(b) р=А—1, 
fe Me e "Ва (8$. esee faus (2) E озун. 
4 : 


where the series, for В (е) is included within ( }. The contributions come 


from Вз , gri ; others vanish. Hence 


T And was s _ n IPQ)PO — 1) 
f: eT BRAS Qd = FEO OD. (eas) 
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(c) p=A. . 
qe n _ n ITQ)PA-1) 
f: c7" BN)" (8) йе = З ОАО (at on) ... (8.18) 


0 
(E) When A-p=2, 
We quote the result for p—A—1 only. 


Дея вуда В (а) = neca ... (8.14) 


0 
and consequently 
s as ee , a ^ ITO £20 —1) 
) a6 8x10 BY de ерта" .. (B.15) 





IV 
= 
RS ucc 
it is clear that г 
по Ав: у= E БА В. e (б) 


Equating coefficients of t” from both sides we derive: 


(ABS у (975 SET] (0) = A BMG), .. (42) 
d exp(—at/1—t) _ Aezp(—5t/1—t) —sezp(—st/1—t) 
Again ài aay : ü-g +1 apt? | ... (4.8) 
а exp(—at/1—t) 
x д a-g t | 
_ exp(—st[1—t) 1 d вшр(—в1[1—1) . (44 


(1—t) 4; 
Equating the right-hand members of (4.8) and (4.4) we get 
в ezp(—st[1—1) . (+1) ezp(—at[1—t) E md exp(—st/1—t) . 
0-0^*2 (1 #)+1 dt (1-2) +1 } 
which gives 7 


45 4” I'(n+2+ 2) в” j= CESID: 


ni nrg Oaa АН gi 


ni Targ. Ar1€ 


e i" ТГ(т+А+1) а" 
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Equating co-efficients of $" we derive ultimately : 


zB 4,20 = 02) D 419) _8,, 168) ww (4.6) 


that is to вау, n n “+1 
#8, (а) = (\—1)[8, .,6)—8, | у(в)] 


aud ‚ эВ, үе) = AS, 00-8, (9)] 
Eqs. (4.2) and (4.7) give : 


sB (0) = (2а +2) 8%) – (n43)B, ()-n8, (e). , (48) 


d oxp(—at/1-t) ‚ t". D'(n A) z 





M de (1-0) ani TA) "UE 
But the left-hand member | 
5029-1 шы = t) _ ezp(—st[l—t) _ ecp(—st[1—1) 
сле q-9 -29^ 1—29^*1 
+" Г(в+А) g zi Din+aA+1) К D(nt+a) d 
Зиг TQ) 8,(6)—3 "ni Tari) 8, +1) = BAIT pa) в" 


Equating coefficients of t" and simplifying, we obtain 

а с* +А І 

+ $0 = $0- "ТА 8, 00, > 9) 

whence, we get, after к (4.7) and (4.8) : 
83; NO = n (Bi) N (a) .. (4.10) 
' Again from (4.2), the above takes the form: 
d " " n 

в 1 S, (2) = (A-1){S, _4(2)-8, (2)}. : ... (4.11) 

From (4.8) end (4.10) we derive: | 


в i 8) = (n 8) (2) + (п +) 


NEO) ... (4.12) 


Pd У 


We have seen that the differential equation (1.8) is satisfied by & polynomial 
function &; (s) given by (1.1. We may attempt at seeking solutions of (1.8) by 
tackling the problem apriori. If we write a series for the solution of (1.8), as 


„ВХ о вї”, 20. "EOS 


yso *-- 


the indieial equation becomes cop(p+A—1)=0, and the relation between the 
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coefficients is given by 


с 


When р=0, c 


When p—1-—2A, с 


v41"7 0 


ptv-—n 


v-1^ 


vrl ^v 


v (Eve DGTVENC 


v—n 
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(»=0, 1, 2,...) (5.2) 


в, Сту тА) ; the series terminates when vn. 


1l+v—-A—n 


(xv ; the series cannot terminate as 


Ais not aninteger, but extends to oc. Hence we get the following series as 
solutions in the vicinity of z=0:— 


(i) co | - 


(ii) № 


n 


Putting cg=1 in (i) we derive, Sonine's polynomial. 


п 
— 8+ 
Т.А 


209-1) „2 
2 IA(A + 1) 


n+A-1 
1.(A—2) 


1) —...f | 


d(53A- —1)(n+A- 
ihe a 


(5.8) 


2) #8+.... 00 |. 


)0.—8) 


The solution (ii) ig 


valid for negative values of A and finite values of z, in order that i$ may be 
regular near 2—0. Since A is taken positive, we discard this solution. 


Next, leb us seek а solution in the form of a contour integral, For this, 


let us put 


B = gt АУ (я). 


We get the following equation for V(z) : 


азу 


s я +(@—А—) 


SY tnta- -1)V = 0, 


(5.8) 


(5.4) 


. To apply Jordan’s method of solution we put the above in the form: 


Q(s) V" (в) — 4.Q'(2) V'(e) — R(s) V (2) + (Aq - 1)R/(2) V(s) = 0, 


(5.5) 


where the dashes denote differentias] coefficients with regard to 2, and 


(в) =ғ, Q(s) 91, Qa 0E (s) n A—1, A4 Bs) Аа, 


Since IV(z) 21, we have A; =n *-A—2 and R(e) 2s—n. 


| Robert), provided 9 (0) satisfies 


and consequently 


PORE) = 


a 


PT o lao. 


i {HQ}, ^ 


the function. Ye ] e(t Gaps Mat will be a solution of (5.4) (Mac: 


и 
AM p 


c! LEARY, J 


NU b EGO 
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remains to be satisfied by ‘choosing suitable contour, so that the function within 
: {° } in (5.7) gives equal values at the initial and final points of the contour. 

Eq. (5.6), when worked out, gives on integration 

Е "© | 

to be multiplied by в suitable constant afterwards. Hence 


> Ј ета) *^ 7 lar. ... (5.8) 
П we choose (= —1, the above is thrown into the form: e" 
У = Const. x [9097709 las "о. 6.9) 


Hence B can be written as 
2, 0+ — 
В = Const. x a17 ^ J в)" FATI, _... (510) 


where arg # has its principal value, and the path of integration starts at oo on 
the real axis, encircles the origin in the (+) ve direction and goes back to the 
initial point; so that the branch point t= —8 is outside the contour, Further, 
the integrand is made one-valued by taking | arg (—# | < т, and taking that 
value of arg (t+s) which —> 0 as t —> oo, by a path lying inside the contour. 
Under these conditions the integrand is an analytic function of 2. 

Since n is an integer, we can write finally: 


t ! 


` (0,) 
ШОТ ЕК or СҮЗНЕ ss | 
86) = mU ш” fe еце А14 ... (5.11) 


‘where the Const. in (5.10) = (—)"*1n IT) Г +n). 


This integral tends to a finite value at # —> oo. This behaviour can be 
judged thus. The integral 


| WX 
„эту. 4) dt. 
J. 


nt+trA—-1) fem! dt [n+A—-1\1 [вт а 
=z J pui +( 1 E {" ta 
e t 


- where the integration is to be carried out over the loop defined already. This 
would have given a divergent (or semi-convergent) series if the series within ( } 
extended to oo (for here | t | >> 2), but, on account of the integral nature of n, the 
series cannot extend to oo, for Cauchy’s theorem gives the values of these n 

‘integrals, other integrals give zero values in each case. Sinee t=0 is the only 
singularity (pole) inside the contour, we can as well define the contour by choosing 

апу one enclosing it, not necessarily extending to оо. Eq. (5.1) is now clearly 
agtisfied, viz., 
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0+) 
j deeem tae =o, ... (5.19) 


эв, under the circumstances, the expression within ( } is single valued at 
terminal points of the contour. З 

To evaluate (5.11) we deform the contour to в small eirole round t=0 ET 
collect the residues. Thus 


icd 

TA) 1 1- ^ff А-1 TE 
Ө"(в\:= n ER 2. а 
. x TQ») Oni pu : № ) t 


* аА) 1 a" [2 " n+A-1 et 
ГА+п) “ani |] ип 1 it 


n+A—-1\1 
+( ^ " ie; às) 
Since the residue contributions from 0 | la) are nil, we get the series up to 
nth term, and it is the Sonine's polynomial. 


Ai this point we may construct some recurring formulae. 
gives after differentiation of integrand 


п joe (tta * ^ 73314. [^em 


Om 


-ntaa f ette"? Bat =0.... (6.18) 














Result (5.12) 


Remembering 


gs n1T'(A—1) 1 pem = n+aA—2 
A-1007 Pinte) i j^ в (54-8) dt, 





ai) 4 (В ГОА) 1 Ж! ааа 
BY“? (8) Ты 17"67! (£-- в) dt, 


nel ig) (в UIT - 1 ,2- afere 
Е а 3) zT 
we get, by multiplying (5.15) by the AT 


,2-7^ (n-DITA- 1 1 1 
^ TnrA-I І) “9ш, 


(+) TAT 8а, 


the following relation : 
289—1 (2) = (.- D (857*,()- 85. |), 


derived already in Sec. 4. Similarly, others can be derived. Thus 


ГО) . 1 


sg = RIDQ). 1 „—А foni ut t^ daa) ан 
8r = REO. sts ] е (6+2) +2) t] 
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+A N ga~ 
. = ву 7x В 


ог . АВ (в) = (n X82 | L6) - n8071 (2). 


Ugo. do ОЕ Ami lex ИТУ 
ds DA) = 2m ГА”) (‘= f: te~! (ta) a 


-1 nIDA-1) |[A—1],2- ay TN n+rA—2 
"dnb Гн (= ) LE ИЮ e 


^o 99-8008) = (\—1)[8ў _ (в) 859]. 


Following Whittaker and Watson (1027, § 16.8) the asymptotic expansion for 
Sy la) for large values of le| can be written down, which in a simplified form 


stands thus: 
н x TA+n) 1 А 
Sr) ms TE х i -y (7 lone» Я ... (5.14) 


where | arg # | < я—в < т. 
Му best thanks are due to Prof, В. N. Bose, Dacos University, who inspired 
me я few years back in this line of work. 
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REVIEW 


Algebra, Volume I.—By Е. W. Levi, Hardinge Professor of Mathematics, 
Calcutta University. Published by the University of Calcutta, 1942. Pp. xii+ 
804. Rs. 5. 


The interest taken in Modern Algebra has steadily been growing in India, 
espeeially since its introduction in the M.So. course in Pure Mathematics of 
the Oaleutt& University, six years ago. The publication of Professor Levi’s 
book is most opportune, and sure to stimulate further interest in this important 
branch of Mathematics. Already his lecture notes on the subject, of which 
the present bobk is а fully revised and enlarged edition, have (besides serving 
as а basis for class-teaching in the Post-Graduate department of the Calcutta 
University) awakened a number of Indian Statisticians to the possibilities of the 
application of Finite Algebra to the theory оѓ‘ Design of Experiments." It 
is to be hoped that the present book would be found useful both by those who 
want to study Modern Algebra for its own sake, and by those who would like to 
apply it to the problems of Physics, Applied Mathematics or Statistics. 

The volume under review covers six chapters. The first chapter deals with 
systems of linear equations. The notions of n-veotor and vector space are in- 
troduced and applied to the solution of both homogeneous and non-homogeneous 
systems of equations. The notion of а matrix is introduced and the connection 
between the rank of a matrix and a vector space established. Properties of 
determinants and matrix products are discussed. 

The second chapter covers in a nutshell the main theorems of General 
Algebra. Thus the essential properties of modules, rings (including theorems 
on factorisation) and fields (including theorems on extension) are developed. It 
is pointed out that the major part of the theorems of Chapter I (vis., excluding 
those depending on orthogonality) remain valid when the co-ordinates of an 
n-veotor belong to an arbitrary field. 

In the third chapter the theorems of General Algebra are applied to 
the study of certain specific topics including cyclotomic polynomials, Galois 
fields, irreducibility of polynomials, symmetric polynomials, solution of cubic and 
bi-quadratio equations, and resultante. The fundamental theorem of classical 
Algebra asserting the olosedness of the field of complex numbers is derived as 
& special case of a more general theorem. 

The fourth chapter deals with the properties of continued fractions. ‘The 
subject is treated from a point of view more general than that adopted in usual 
text-books, 

The fifth chapter is concerned with the approximation of the roots of equations 
with real or complex co-efficients. Besides Horner's, Lagrange's, Newton's 
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апа Graffe's methods of approximsting to the roots, the theorems of Fourier- 
Budan, Sturm, Kakeya, Poulain and Gauss on the location of the roots on the 
real axis or the complex plane are given. 

In the sixth and last chapter, the essential theorems of the theory оѓ 
matrices have been developed including those on the transformation of matrices 
to the canonical form, elementary divisors, and symmetric and Hermitian matrices. 
The properties of Hermitian matrices are applied to the theory of quadratic and 
bilinear forms. 

- Professor Levi has succeeded in giving, in & brief compass of about 800 pages, 
an admirable survey of a large portion of Modern Algebra. The appearance of 
the second volume of the present work, in which he promises to deal with Groups 
and Ideals, would be eagerly awaited, and there is no doubt that its publication 
would be widely welcomed. 
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REPORT ON THE ACCOUNTS OF THE CALCUTTA MATHEMATICAL 
SOCIETY FOR THE YEAR ENDING 81sr DECEMBER, 1942 


We have examined the accounts of the Calcutta Mathematical Society for 
the year ending 318% December, 1942. The sccounts have been properly kept 
and supported, as far as possible, by vouchers. The financial condition of the 
Society is quite satisfactory. do 

* К. М. CHAKRAVARTI 
В. C. CBATTERJEE 
Auditors. 
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SOME INFINITE INTEGRALS INVOLVING BESSEL FUNCTIONS or 
ь IMAGINARY ARGUMENT ` 
Bv 
Miss В, BINHA 


(Communicated by Dr. B. Mohan—Received November 2, 1948) 


E the integral 
e 


I- f #7 E (02)K (аз) „Роба, Q9,.. Gp; by, бо,...Ва; ba®)dx 
0 | 


where К "i is а Bessel function of imaginary argument and ,F,(a;, dg,...dy ; 
bi, bg,..:b,; bz?) is the generalised hypergeometric function. 
We are going to use the following result given by Titchmarsh (1987, 8.19.6) 


/ a? TK (a2)K (az)dz 


| 
imas dq de ш 

M 2 
EE. а) 





where В (p t A и)>0 
è We have 


с 2 it’ (a, 1b" 
= / z^ IE (as)E (az) X т аа 
о 


т (a,, r)b 
з=] 


ia _ FILE. (ax)K (ax)de 
0 Tr (а, r)rl o 5 E 
{= 


-X 
Here, term by term integration is justifiable, provided that R (ptAtp)>0. 

and а—р;>1. 
Thus, on using (a) and the Duplication formula for Gamma function, we get 


Ie ae a r(ethta T 2 ja p-Atp in[e-^-»- 
áP Ip) З 2 2 2 2 


~ -À =~ 
poate ETATE : pte „2028 ‚ ат, ав,...@ь; 





sis 


X paa Рона 1 
1 
tu EL. by, bs,...b, 
. where q-p>i and В(р+А + и)20. E EIE 
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Particular cases 


1. Put b= x peg, q—8, а =а, dg=B—a, hif ъ= and b= ESL 
Ф 
Then I takes the form 
T peig 3d 
[ PV, (an) (js, Be; B, аб 12) | 
Using (Bailey,;p. 97) | ^A 
арб, Bas B, 5» gen Pyles Bsa) Files Bi) 


А | С 8; 2) \F 108 в; T zh 
we get 


fer 1 oK, (az): (аа) Ру (e; В; а), Fi (B5; B; з) 


2 ac? v (ein jr pu y uS Wei) 
а? I\(p) | LN 


f 


2; } 
cM ? 128 , тет +? RATE » а, B-a; 
| “5 1 
хв . : | | 25 
| р B. 8*1, = з 
| 2" ЕВ пв 2 А | 
ae > 
_(@) Since (MacRoberts, 1938) г а: 


Fides 1+2nj;x)= T+ 2-299581, (=) 
provided that В+}. > 0, we get, on putting B= 2o 2n 1, 


Г а?” 102K (ак, (az (1, 3)) d 
j. | 
gp 2n-Bp (неа y a Y bp y == | 


— ——————————— ——-——— —— 


= aP * 9 (s + р) (D(n 4-1))2 





n4 ETATE та ая тео na]; 

Е | "1 

X shy , " ; Ча? 
пе ne РТ, antl a+; E 


к. 575 
м 


where В (p--2n £A Ен) > 0,4 > $, R(n--3) 2/0 and p > 8, oe 
| (b) Since Et И 
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by putting a=m—k +4, 852m +1, b=1 and replacing p by р+2т +1, we get 


f 5 e*t (оа), „(М - da 


* о 


_ор+2т-8 p [ms extet р eras) 
3 3 
aP 3m lo oma. 1) 7 


TDS <0 (ms i) 
2 2 р 


СЕ" ptAtutl nee pt+A~ptl m+ eTtAtetl т--РГА-и+Т 
2 ' 2 ý 2 , 2 | 





c. 


| 
: 


X Е 


[m-ke3, та; m+ P, т+1+Ё ‚ 2®+1,т+1,т+1; 
| З 


where R(ip+m+Aty) > —1, а> ё and p> 2. 
(c) Since 


T(atn+1) 
Па = 32-5, 
2) = Tesi) 
where Liz(z) is the generalized Laguerre polynomial of order n and n is a positive 
integer, we get by putting a= —n and B—a-r 1, 


iFi(-n; 0+1; z), 


f 2? 1887 K, (аг}К (ау) аа, Qe 
0 2 


НЫ (низа 
А 4 





: aP + “з к Га +1)Г(р +1) 


, N 


АБЕ К | 
4 | 4 








[5-130 +2л +2 «+1+2р—2А+2д а+1+92р+ 9А – Әр 
а D TUO => 4 m c SS аат 
x Fs SoD АВ, nal; 1 | 
Aag 
[223911 eter? „ү, т, gel; | 


where В ($+p+A+p) > —$, a > 1 and п is а positive integer. ` 

Similarly, we сап obtain from (1) other interesting results involving integrals 
of products of Вопіпе polynomial, Bateman’s function, Weber's parabolio cylinder 
function and Hermite polynomial in different combinations. 
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(а) Put a,— 11512 dum де 


, by=1+, bo=14+8, p-2 E 


ba=1+v+8, q—8, р=р+у+8 and b= —1 in (T). 


Since (Watson, 1922, p. 147) 


2 


—Ез Hee, Ittt ; 1+, 1+8, L+v+8; e| 


1 


=Г(у+1)Г(8+ (г) 


The integral becomes 


5—5 


9»-sp (ersten n 
_ 2 


" 


—$ 
7 (27 y), 


a^  K (a2) К (аа) (а) J (2)й2 А 


2 


(знн 


a? °F 5r cg) (S (pty +8) 


js 


(наи БЕ | 





р+у›у+ё+А+д р+у+8+А—ц 
2 : 9 


1+>›+8 2+v+8 


x gis 9 2 


р+»+8—А+и ptvtó—-À—gku 
2 | 2 


р+у+8, РВ, у+1, 8+1, 1+v+8; 


2 


where R(ptv+StAtp) > 0,0 > 0 апа p > 2. 





(b Put a= it, as 


2-c-v48 
2 


p=2, 4=8, l=p+v+8 and b=1. 


Now, we know that (Meijer, 1985, $ 7) 


2 ' 8 


Fs | 1+у+8 На 


i | —v—6 
= Г(у+1)г(8+ це) I (=); (=). 


p 


? 


1 
а? 


" = +», b, =1+8, bg=1l+v+8, 
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o 


Therefore / oP AK, (az), (ог (e)L.(a)dz 


inp ( везна (нна (вне) 
БИНЕ 2 2 2 


а®+”+8ёг(у+1)Г(8+1)Г(р+>+8) 





н анец === ) 
om. 
“ч. 
р+у+8+А+и р+у›+$+А—и р+у+$—А+и  ptv4$—A-p 
2 : 2 ' 2 i 2 | 
Ll+vt+8 ++ | 
TRE ЕЛЫ Ола: 1 
* 2 


p+sty, pivtiti, 1+», 1+8, 1+7+8; 


where R(pt+v+dtrAtp) > 0, а> 1 вір > 8. 


Е 2 
3. Putting p—1, 4=2, 6-5, a,-1, b,—8, bg=v+§ and replacing р 


by p+v+1, we get a formula involving Btruve's fences which has been proved 
Ly Mohan (1949). 


4, Put p=0, q=8, b=- 
in (I). 
Since (Meijer, 1985,-p. 11) 


d a 


ар 
oPs Ga 1+p, 2p+1; -z r =Izp( v 2)J3p( =) 


ac bi=ite, be=1+p, bg=1+2p and p=l+2p 


we have fe TIK (az) K (аа) Та» (/ а) (Ма) іт 
0 ) 


i» ere р r(o+ eit р ва) ee 
COO Неа о 


980—1 +848р+ р+р){Г(1 9р) 


А+ +А- -А- 

p+ ETATE p, PATE, p PTS CE p POATE, . " 
ха р ceu 

2ptp,p- 5’ pti, р+і, 2p+1; 


where R(p+2p'+A+p) > 0, l> ganda>0. 
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| : 2 
5; Put p=0, g=1, b,=n+], b= —7- and p=l+n in (1). 
ә * " 


Since 3 jn s 


we have 
oo 


/ of 1K, (a2) X, (ac) J. (e2)dz 


"uA NEN m 
Tue) | | oFi(l+n; — 409), ША 


4 





* 


c^, gP-sT ВА петли кт А (enge 


a^*^D(n-- ПГ(р+п) 





TM ръптА+р ptnrAi- p ptn- -À- ТЕЁ, 
2 2. 


: 2 9 
x „Ёз б 


n+1; 


СА 


deg ptntl . ~ 448 
2. 


where Бо р> $ and a — 0. 


Proceeding exactly as in the beginning of this note, we can show that 
© . 


f z°-1K, (ax) K (as), (ba)dz 


2 


2-8) +>+А+ д +у-А+р ра 
2 (s : ae DE реа) 
А СН а ee Ns А 9 à 
aP? TG 1)T(o vy PON 
ptvtitn BIA E) preter ptv-— ATE, 
2 





> ьа 
х 4Ps PT pv Lo . Я . 243 
, 9 3 9 ЕД 
where В(р+у+А+А) > 0, а> # апії > 8. 
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ON MUTUALLY SELF-POLAR SIMPLEXES 
i By | : 
| - ASGHAR HAMEED 
(Communicated by Prof. С. V. H. Rao—Received December 91. 1942) 


`` ,Iniroduciion. This paper is a generalization to space of n dimensions with 
particular reference to space of four dimensions, of the properties of mutually 
Self-Polar Tetrahedra discussed in my previous paper (1941). 
If the co-ordinates of a point P referred to an arbitrary simplex A,Ag-.-Ane1; 
n+l 
in space ofn dimensions, be (z/,, z/s,...2/,,,), we define the prime X at = 0 
. r=} r 
to be the Polar Prime of P with respect to the simplex A ,Ag...Aq4,, and call P 
the pole of that prime with respect to the same simplex. 





А simplex Бу will be said to be 8elf-polar with respect to another simplex 
Ва, if the polar prime with respect to Бе, of any vertex of Бу, is its opposite 
prime face. We show that pairs of mutually self-polar simplexes exist in space . 
of any number of dimensions (§ 4). 


In $ 7, we prove that if Sj be a simplex self-polar with respect to another 
simplex Ве, and 8’, and 8' be their respective reciprocal simplexes in regard 
to’ any quadric variety, then 8/ is also self-polar with respect to 8/4. We define 
inversion with respect to spaces A,Ag...A, and A,,,À,,.9..À4,;, 8nd prove 
that a point and its polar prime ’ with respect to & simplex invert respectively 
into a point and its polar prime with respect to the inverse simplex (§§ 8, 9). 
In some of the following articles, there is a discussion on two particular types 
of pairs of mutually self-polar simplexes, dealing with their reciprocities, perspec- 
„tivities, and the cross-ratios arising therefrom 


Considering the problem particularly in space of.four dimensions, we arrive 
in space of three dimensions, at a quartic surface, believed to be new, having 
ten double pointe, which arrange themselves according to the three-dimensional 
` 10g configuration ‘of Desargue ($ 18). We give a particular type ofa pair of 
mutually self-polar simplexes such that the five lines of an associated set can 
always be thought of as the joins of their corresponding vertices (§ 19). 

“81. We start with an arbitrary simplex A,Ag...A,,, and a point P of 
general position in the space of n. dimensions fixed by the simplex. Regarding 
A,Ag..-An+, 88 the simplex of reference and P as the unit point, the polar prime 
of. Р w.nt, the simplex A,Ag...An+; has the algebraic equation 32, =0. We 
proceed to give the following geometrical interpretations of this algebraic 
definition :— p 

(1) Let the prime Р А, Аз...Ан_1 meet the line А.А. in the point Оли, 1 
whose harmonic conjugate 10.7.1, A, and А. is say, Q/a,4.1. Then "*1Cg | 
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points like О’ нат lic in a prime which is the polar rene: of P w.r,t, the 
simpler A,Ag..-Ansy- 

(2) Let the space P А, А....А„_,-1 meet the space Ag, Anori Åna 
m һе point Q. This point bas a polar space of r dimensions w.7.t. the simplex 
Ал_,А—„+ц..Ах+у. Such "*1C,,s polar spaces lie т a prime which is the 
polar prime of P w.r.t. the simplex AjÀg...A,,,. And this is true for r=1, 
2, 8,...›—2. Е 

(3) Let РА; meet the prime AgA3...44,; m the point A’), similar inter- 
pretations being given for the points’ Ао, А!ч....А' +1. Then the n+1 spaces, 
such as is given by the intersection’ of the primes A, A5... A4 and A’, Alg. Ag, 
lie in a prime which is the polar prime ој Р шт, the simplex А1Ао... Аут. 
In fact these n+1 spaces are the same as the polar spaces of the previous case 
when г=п-—2. 

(4) When n+1=2r, the simplex of reference may be written as A, Ag... 
А,А:, ,1...Азг. We can draw а unique transversal from Р to the two spaces 
A,Ag...A, and Ay+iAyeg-Ag,. Let this transversal meet the two spaces res- 
pectively in the points Q1, 9, ...„ and Q..1,..9...9,. Let the harmonie conjugate 
of P w.7.t, these two points be called Р;,о...„(=Р,.1,.+9:.:9,). Corresponding 

.to ths $ 27C, ways of dividing 2r things in two equal parts, we get 4 ?"C, points 
of the type P;,9---,. These 4 27C, points lie in a prime which is the polar prime 
of P w.r.t, the simplex Aj Ag... As. P 

5 2. Now let any simplex be denotéd by its prime faces a), dg,...¢4,, and 
let p be a prime of general position in the space of n dimensions fixed by the 
simplex, which we take as the simplex of reference. Let p be the unit prime 
Уг, =0. Then the pole of.p w.r.t. the simplex @49...¢,,) has co-ordinates 
(1, 1,...1). We now give the following geometrical constructions :— 

` (1) There ів а unique prime d4,4.1 which passes through the point paa... 
аһ-у (i.e , the point of intersection of the n primes p, 01, 4о,...@,_1) and through 
the intersection of the primes a4, and a,,41. Let 9',,„+1 be the harmonic con- 
jugate of q4,4«1 W. T. t. the primes а, and а, +. Then the **'C, primes of the 
type q'n,n+1 pase through a соттоп point which is the pole of р wrt, the 
simplex ajag... Gr. 

(2) There is a unique prime which passes through the space of intersection 
of the primes р and a, and through the point of intersection of the primes dg, аз... 
and a,,;. Let this prime be called a'j. In this way we get п+1 primes 
ay, 0/3...0/,,,. Then n+1 lines of the type given by the join of the points 
@1ао...а, and а'уа'%...0/}, all pass through а common point which is the pole of 
p w.r.t, the simplex a185...04,1. 

(8) When n+1=2r, the simplex may be written ав 8483...6,0,, y...05,.. 
There is a unique space of п —2 dimensions which lies in the prime p and which, 
together with each of the two spaces ау Gg...@, and 4,41 G,49...d9, determines а 
prime. Let the harmonic conjugate of p w.r.t. these two primes be called 
Pirgees+r 8 (Ф;+1, regere). We get $ "C, primes of the type ру, s...,, all of 


> 
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which pass through a common point which is the pole of p w.r.t, the simplex 

8105...0, 41. Е 

К $8, The polar prime of p w.r.t. the simplex A,Ag...Ags, as already 
defined is the polar prime of P 1.1.4. the degenerate point-variety consisting 

of the n--1 prime faces of the simplex, and also w, т. t. the degenerate class , 

variety consisting of the n +1 vertices of the simplex. 

We may ius that if the point P lies on a single prime face of the 
simplex Aj,À5...4,,1,, then its polar prime w.r.t, itis that prime face itself, 
If, however, P lies on the space of intersection of two or more prime faces 
of the simplex, then its polar prime w.r,t. it becomes indeterminate. Through- 
out this paper ув shall assume that P does поб lie on ару prime face of the 
simplex w.r.t. which its polar prime is to be considered. | 

$4. Tet the co-ordinates of the vertices of а simplex A’; Alg... A'n. 1 referred 
to a simplex A, As...A,,,; both lying in the same space of » dimensions, be 
given respectively by the rows of tiff following determinant of (n + 1)th order: 

#1... ЕТ 


lY 4 Lo. dd 


Dre ecu led 





3 Lh dx pos d 


in wüfoh ench diagonal element is k, and every other element is unity. It is 
obvious that the simplex A/,A/5...À/4, will be self-polar 1»... the simplex 


А: АА Mf 


И k+ 0-10, "S 


And when this condition is satisfied, the simplex of reference is likewise self- 
polar w.r.t, the simplex A/,A/5...À',,,. For the co-ordinates of the vertices 


of the former referred to the x are given by the rows of the above deter- 
minant in which k is replaced by i "E provided that the unit point 18 ШУ 


chosen. This 18 clear from the transformation, 


ит... 1d , 
i hubo 
"idR. (21, о». n1) 
1 1 М 1 
11 1h 


2—1469P—8 
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whjoh, except for a multiplied constant, leads фо а similar transformation expressing 
21, Zyn in terms of £i, ёә,...Са+р, with K’ replaced by k, where КЁ! = 1. 
This proves that pairs of mutually self-polar simplewes exist in space of any 
number of dimensions. с 
o The simplex A/,A/g...A/4,, foreach of the two values of k, is in ретгрее- 


tive with the simplex of reference À4A5...À,,,, the centre of perspective being 
the unit point. On each of the n+1 rays of perspective, there lie the unit 


point, one vertex of the simplex of reference, and two vertices respectively of 
the two solutions for the simplex A',A/s...A/4,,. The cross-ratio of these four 
points ia the sume on all the n+1 rays of perspective, When the points are 
taken in а certain order, the ‘value of this cross-ratio is (kg —1)/(k, —1), where 
kı and kg are the two roo'8 of the equation (A). 


It may be shown that the two simplexes À,A5...A,,; and A^ A's... A/,,,, 


for n>8, are reciprocal w.r.f. a quadric variety provided that the correspondence 
between their vertices in this « ‘procity iP such that, if the vertex A, of the 
former simplex corresponds to the verte A’, of the latter simplex, then the 
vertex A, of the former corresponds necessarily {о the vertex A’, of the latter. 


$5. When n>8, we get n+ 1. раігв of simplexes of the type considered in 

§ 4, having a given point as & common vertex, and being mutually self-polar 

‘w.7.t. в given simplex. Бог, taking the given point as. the unit point, referred 

to the given simplex, the determinant of the previous article may now be 
written as | 


|: 1 1 I 11 

ІА k 1 l 1 

DUM Xx. 15 Кк 

> Wh i Clo ae ace ow lk 


| 

For еаоһ of the two values of k given by the equation (А) of $ 4, the rows of 
the above determinant give the co-ordinates of the vertices of a simplex which 
is mutually self-polar 10.7. #, the simplex of reference. This gives us one pair of 
simplexes with the stated property. Now, interchanging the first column of 
this determinant with each of the other columns in turn, we get in all n+1 
‘determinants which give the required п +1 pairs. That this statement holds for 
п>8 may be proved by considering as to when-the two simplexes of each pair, 
or the n+1 pairs themselves, are distinct. 


: $6. When n+lis prime, let р be an imaginary root оѓ ће equation 
| 2"+1=1, And let the rows of the determinant 


1 1 x T" ... ifr T 1 

l, p p $i. Gon din ape p" 

1 p?  (p9)9 .. .. ..(p9)"1 (pty | 
EE e. ecc a 


1 p": (p*)? ‚жесе ce "У (pn 


LU 
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give the co-ordinates of the vertices of a simplex A¥,, A7,3...4",4,; referred to 
the simplex А; Аз...А+]. The two simplexes are then mutually self-polgr. 
This may also be proved in a manner similar to that of § 4. - 


` Keeping the first column of the above determinant as it is, and interchanging 
the other columns between themselves in all possible ways, we get |n вігаріехев 
of Ње type Аў; А”, 5...A7,,,;. When п= 2, however, these |n, i.e., 2 simplexes 
coincide. Since all of these |n simplexes have the unit point as & common 
vertex, we arrive at the result that for n>2, there are n simplexes of the type 
considered in this artiole, all of which havé an arbitrary point as a common vertex 
2nd are mutually self-polar w.7.t. a given simplex. 


$7. Considering case (1), $ 1 and case (1), $ 2, we can show that pole. 
and polar prime w.r.t. a simplex, reciprocate im regard io a quadrio variety, 
respoctively into polar prime and pole w.r.t, the reciprocal simplex. From this 
follows the result that, if 8, be a simplex self-polar 10.7.2. another simplex Б», 
and B, and 8. be their respective reciprocal simplexes in regard to a quadric 
variety, then S/, is also self-polar w.r t. 8/4. In particular Ву may be supposed 
“to'be self-conjugate w.r.t. the quadrio variety, so that in the above enunciation, 
S’, may be replaced by 8,. 

'' 5 8, Wenow come to the theory of inversion. Let A,-be an arbitrary point 
and АзАз...А,.; an arbitrary prime, both lying in the space of n dimensions. 
Let P be another point of the space. The line A, P meets the prime AgAg...Ans; 
in а point. - Call it P}. On the line A,P, choose в point P’ such"that (A, PP,P/) 
=K, an arbitrary constant. Then P’ will be said to be the inverse of P w.r.t. 
the point A, and the prime AgAs...An4;- In this process of inversion, points 
invert into points, lines into lines, ete., and cross-ratios remain unaltered. 

Now, from case (1), 8 1, it is clear that the figure of a point and its polar 
prime w.r.t; a simplex depends entirely on harmonic cross-ratios. Hence, 
a point and its polar prime w.7.t. a simplex, invert respectively into a point and 
its polar prime w.7.t. the inverse simplex. Asa consequence of this it follows 
that, if a simplex B, 18 self-polar w.r.t. а simplex Bg, then so is the inverse oj 
S, self-polar w.r.t. the inverse of Ва. . А 


$9. We may similarly define so inversion w.r.t. two general spaces 
A,Ag...A, and А, .1А,+0...Ан i m rm n, lying in the space of n dimen- 
sions. Through an arbitrary point P, в unique transversal can be drawn to the 
-two spaces. ТЇ 9; and Оз be the two points in which the transversal meets the 
two spaces respectively, and Р’ be the point on the transversal, such that 
(Q;PQoP")=K’, an arbitrary constant, then P! will be said to be the inverso 
of P w.r.t. the two spaces A,Ag...A, and A,,,À,,5...44,,;. We remark that 
we have to consider the order in which the two spaces are mentioned. ` Thus the 
inverse of P w.r.t. the spaces А,,уА,+а...А„,у and A,Ag...A, is not Р. It 
will be a point P”, such that (QgPQ]P")=K’. When, however, the inversion 
is harmonic, i.e., when К'= —1, P” will coincide with P’. 
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. Such an inversion as is defined in the present article is a combination of r 
subcessive inversions of the previous article. More precisely, the inverse of P 
w.r.t. the two spaces A,Ag...A, and A,,,;A,49..-An+,, may be obtained by 


appl lying inversion to P w.r.t. the point A, and the. prime AgAg...An+1, followed x 


by вп inversion wrt. the point Ag and the prime A, AgA,..-Aasz, and во on, 
ultimately followed by an inversion w.r.t. the point A, and the prime Aj Аз. 
А, 1А, Apig:-Ane}, the constant ot inversion being ше same in all of. ‘hase 
"successive inversions. 


a 


“Similarly, the present, inversion is &- combination of п+1-т successive 


inversions of $8, namely. an. inversion w r.t. the point A,,; and the prime , 


A Ag.. Apap obras Ann. followed by an inversion w.7.t. the point А,+е 
“and the prime А 145...А,.1А-+8А,.4::-Анзр, and во on, the constant of inversion 
in these successive inversions being, however, Т/К/ instead of E/. 
It is now clear that the remarks made in the last paragraph of § 8 hold 
‘also when the inversion is that as considered in the present article. | 


$ 10. Consider two simplexes АА’, з...А' ун, and AlgyAlgg.-Alansy 


of the type discussed in $ 5. The co-ordinates oftheir vertices are given below i 
Aly (1, 1, | 1,..., 1, 1) Alo (271, Ta, 2/8,... Dn 441) 
Alig (fk, k,,1 l, 1) Ala, (0116, Ка», и, Tara) 


perry 


Alin (1/81, 1, Loony К, 1) Alon (2/1 / Ks, zs, gr kolas Dasi), 
Ass, 1, 1... 1, ki) Alena (21 /KXo, o, 2/з,..., Day konns) 
where #1 and kg are, of course, the roots of equation (A) of $ 4. 
e Г. nc 
There exists а quadric variety, namely, i а? [а7,.=0, in regard to which 
: < rel] | 
the simplex of reference А, Аз...Аи,1 is self-conjugate, and w.r.t. which the 
two simplexes À/,1 А’1о...А’1 „+; and A's, À/gg...À/94, 4 are reciprocal, А 
. Further; for n>8, corresponding to the n +1 pairs of simplexes of § 5, we 
, also get --1 pairs of simplexes as the pair A/;,À/,9.../,15,; and. Algi Agge 
A'sn+,- The two simplexes of each of these pairs will respectively have (1,1,...1) 


and (2), 2'5,...,2/4,1) as one of their vertices, and will be reciprocal w.r.t. the 
same quadric vae ‘ ` 
Putting V= =... = z',.,, the two simplexes À/,,À/,5...A/;,,1 and 


Ala À!ga...À!g 4, , belong to one of the n+1 pairs of § 5, and are reoiprocal wrt. 
Xz?=0. In fact, the two simplexes of each of these pairs are reciprocal 19.7.1. 
this quadric variety. 

$11 When n+1 is prime, consider two simplexes А’; у AN 120A 1841 
and Ata, Aag.. A ga+1 of the type mentioned in § 6, in relation to the simplex 
| of reference А pg. Анат. The co-ordinates.of the vertices of AN, Alig 
АТ n+) аге given in $ 6, and those of the vertices Of Afo Alag. Av one are given 
below: 


LT 


X 
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А} (2^, we, 23, e$ ses ... PR Dari 
Afaa Íz^;, pws, р?2'3, TIT p laa, "aaa 
Mon (mis prae, (P-a, Ls us ss (Pian, (6°) "ahead 
Mower {ehs pty. (Ma ш... со OR, (pri) 


There exist n+1 quadric varieties, in regard to each of which the simplex A, Ag... 
Аи 1 is self-conjugate, and w. т. t. each of which the two simplexes A/jjAÀ/i,... 
AM ing, 8nd А2] А? са...А’ ож ү are reciprocal in some order. The equations of 
these n+1 quadric varieties may be put down as 


n+l 
z (23/(p*) 712, }=0, в=0, I, 2,...п. 
ral Е . 

$12. Let R, denote the sum 


Ty p Ig t (p* Заз... + (p!71)" I zs + (p! T)" En, 
where 155 в п +1. 
Then the simplexes A,Ag.. Аз, und А, А! g. Ain are reciprocal in 
some order, w.r.t, the quadric variety 


П 


Las! 

5 «,R,=0. - we @) 
sa] E ` 

For example, the reciprocal w.r.t. this variety, of the point A, is the prime 
В, =0, which is the prime face of the simplex A/,,AÀ715...471,,;, opposite to 
the vertex À",,,5..,, Where АЙ. и.о is to be taken identical with A/,,. 

Now, changing p into any other imaginary (n+ [1)th root of unity, we see 
that w.r.t. the quadric variety (i), the simplex АуА»...А„,у still reciprocates 
into the simplex A/;,À7,5...A7;4,;, in some order. And in all of these э» cases 
the reciprocal of the vertex A, is the prime face of the simplex А, А”; о... 
АТ. 9+1 Oppsite to the vertex А? у. 

Ry linear transformations, the vertex А’, can be made the unit point, the 

Simplex of reference remaining the same, And then it may be seen that the 
rows of the determinant of § 6, which give the co-ordinates of the vertices 
of the simplex À';,À/,5...À7,4,, get interchanged between themselves. We 
thus get another set of п quadric varieties w.r.t, each of which the simplexes 
AyAg...Ag;1 and À7,, À719...A714,; are reciprocal, the reciprocal of the vertex 
A, being . the prime face of the latter simplex, which is opposite to the 
vertex АЛ) ,. 
/" Hence, making A, correspond to each of the vertices А2; 1, Alt ai A s 
in turn, we get in all n(n-- 1) quadric varieties w.r.t. each of which the two 
simplezes AjAÀg...A,,, and A/,,A/,5...A7,4,, are reciprocal in some order. 
And, in fact, it may be shown that these are ihe only quadric varieties which 
reciprocate the two símplezes into one another, in some order. 


50 A. HAMEED = . 


E 


$18. Letusnow denote the simplex AP 4 Aga. Agni] of § 11 by 8^ 





when «=k; and @g=2/s=...=2/,,,;=1, and by 8/13 when z',-k, and 
qoc... =n =l, where Ку and Ко are the two roots of equation (А), $ 4. 
Consider first the simplex S/11. І ів obviously mutually self-polar w.r.t. the e 
simplex of reference A,A45..A4,,. Further, if we transform the simplex 
of reference to the simplex 4A/",,A7;5...A7,4.,, of 5 6, by means of the 
transformation 

1 1 1 TUNE | 

1 рр рў ert рї 
(61, Ёз... Ёна) = (21, £9,...£941) 

Lr (Dx ax esc ES T 

Lu sph (P o uw owe (TU. | 


where p; = > ; then the co-ordinates of the vertices of 57у; are given by the rows 
of the determinant of $4, in which / is replaced by = 
1 
It follows that the simplex 5”,, is mutually self-polar, also w.r.t,, the 
simplex A/,,A7,5..A/7,,,;,. Similarly, the simplex 87,5, as defined in the , 
beginning of the present article, is also mutually self-polar 10.7.1, eaoh of the 
two simplexes A, Ag...Aq,, and Алу A745... Ау... | 
$ 14. The two simplexes 571, and 6" з of the previous article were obtained 
from the simplex А”: Alog... Agni; by putting the first co-ordinate of Аш, 
equal respectively to Кү and Ко, and every other co-ordinate equal to unity. 
` Similarly, by putting equal to unity, every co-ordinate of A’,, except one, which 
is put equal to k, and kg respectively, we get in all n - 1 pairs of simplexes 
like the pair 87,, and S^, s. ` 
By suitable transformations, the co-ordinates of the vertices of the two 
simplexes of each of the n-- 1 pairs, in relation to the two simplexes A,Ag...Ags1 
and А”, À/, g.. A] я+1 can be put down in the same form-as those of the vertices 
of the pair S7,, апі 8/9. For example, the pair of simplexes 8", and 8", . are 
obtained from the simplex ÀA7514754...A754,; by equating to unity every except 
the rth co-ordinate of A”g;, which is put respectively equal tok, and Ко. If then, 
we apply a transformation, in which the z,, 2,,,,...2&41, Zis Zg... p~] С0-0Г- 
dinates are changed respectively into the 1st, 2nd...,(n--1)th co-ordinates, the 
simplex of reference remaining the same, wō see that the co-ordinates of the 
vertices of the simplexes А! А”, о...А” „+7, 8,1 and 87,4 become the same as 
those of the vertices of the simplexes A” | А/ а T AP: 5711 and Sig 
considered in the previous article. 
Thus each of the two simplexes of any one of the »+1 pairs, constructed 
‘abovo, is mutually self-polar w.r.t. each of the two simplexes А, Аз... Ays, and 
Alyy Alig oo A” nas. And it is clear that, in order to discuss the properties of the 


ES 
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two simplexes of any one of the nal pairs, in regard to the two simplexes 
Aj Ag ... +. Ауу and Ат, А" saeusi А" пет. we need consider only the pair sf, 


§ 15. We now state and prove the following result: 

The two simplexes of any one of the n+1 pairs, constructed in $ 14, are 
simultancously in perspective with the simplex A" 11À/,9 ... Ајвар with one 
vertex of the simplex АуА» ... Any, as contre of perspective, and the cross-ratio 
of the four vertices of the four simplexes lying on each of the n+1 rays of 
perspective is constant, this constant being the same for all the n+1 pairs, 

For, consider the pair S’,,, 57,4. The two simplexes are simultaneously 
in perspective with А”. А”, о... А’. и. with A, (1, 0,0, ... , 0) as the centre 
of perspective. The four points A, (ky, р", p", ... , p^") of Bhia, Aipa and 
(kg, р’, p?*, ..., p"7) of 8,9 lie on one of the в +1 rays of perspective through 
Ау, and their oross ratio is (œ, k,—1, 0, kg—1)=(kg—1)/(k,—1), 
which is a constant, being independent of r. That this constant is the same 
for all the n+1 pairs of simplexes, follows from the remark made towards the 
énd of the previous article. | | 


$16 The property of porspectivity, discussed - in the previous article, is 
enough to determine the n +1 pairs of simplexes. In fact we have the following: 

There are just n+1 pairs of simplexes which are mutually self-polar w.r.t. 
each of the two simplezos А. Ао... Ags, and AM; Ао... Aling and are such 
that the two simplezes of cach pair are .simullaneously in perspective with “the 
simples A',,A"o... Alina, with one vertex of the simpler A, Ао... Any, аз 
centre of perspective. 7 

For, the co-ordinates of the vertices of a simplex S which is in perspective 
with А? Afia ‚Абул, with Ay as centre of perspective, must be given by 
the rows of the determinant 


h. wd 1 1 1 
з p р? pti p* 
x 


м. p" (ot-1M ны (p*71)n1 (р"-1)* 

ар р" (mo e si (put t (p 
Tf, “then, S is mutually self-polar w.r.t. A,;Ag ... Ags, we must have 1, /15 —1, 
etc., whence |; —lg—14 = ... =la+1=lB8y. If, further, Б is mutually self-polar 
ш.т.1‚ the simplex A”,,A%% 9... Aliny we see by applying transformations of 
$ 18, that І must satisfy equation (А), .5 4, i.e., ЕЁ; or Ка, giving the pair Bf,i 
and 5! 19 88 the two solutions far В. Considering all the vertices of the simplex 
of reference, in turn, as centres of perspective, the n +1 pairs oz ражаа аге 
thereby determined, which was to be proved, 
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~ 817. It may be observed that since the co-ordinates of the vertices of the 
sinfplex АА, ... Ans, when referred to the simplex A",, 7,54 ... À^,4,, may be 
put in the same form as those of the’vertices of the latter referred to the former, 
we get п +1 pairs of simplexes, each of which is mutually self-polar 10.7.1. each of 
the twó simplexes A,Ag ... Ам; and А”. À7,9 ... А”, ү, the two simplexes of 
each pair being simultaneously in perspective with the simplex АА, .. Ansa 
with one vertex of the simplex А.А”... À";4,, аз centre of perspective. 
The results of §§ 15, 16 apply equally to the present set of n+1 pairs of eimplexes, 
the constant cross-ratio of § 15 being the same in the present case as in that 
article, 

§ 18. Coming particularly to the space of four dimensions, let us consider 
the polar prime, or the polar hyperplane, as it may be called, of a point 
Aly 4.1.4. a simplex А. Ао... Ау: We take A’, as the unit point referred to this 
simplex. The polar hyperplane of A’, w.r.f. the simplex A,Ag ... A, bas the 


5 
equation 3 z,-0. 
те] 


Now, let А’, and A’, be two vertices of а simplex which is self-polar tw.r.t. 
the simplex AjÀg ... Ау. Then the polar hyperplanes of А’, and A’g must 
pass through tho points A’g and A’, respectively. Hence the co-ordinates of 
the point А! must satisfy ihe two equations 3 z,—0 and £X1/z,-0. It 
follows that the remaining four vertices of a simplex which has A‘, as one vertex 
ande із sclf-polar w.r.t. the simplex Àj Ag... Ag lie on the surface given by the 
above two equations, which may also be written as X 2, =0 and (25132, 4 zgmz, 
+2202. +712023)(2, ++ +2.)=11701:;2.. Let P, Q, В, З and T be 
respectivaly the points (1, 0, 0, 0, —1), (0, 1, 0, 0; —1), (0, 0, 1, 0, —1), 
(0, 0, 0, 1, —1) and (1, 1, 1, 1, —4). They lie in the hyperplane Zi z,—0. Hence, 
in this hyperplane, referred to the tetrahedron PQRS, with T as the unit point, 
` the gurface in question 18 given by the single equation | 


(mom, +2321. 21231, 2212023) (L1 ++ es + =.) = 212920321. 


This is а quartic surface. having ten double points which arrange themselves 
in а three-dimensional 103 configuration of ORITUR, 


The' ten xls points are (1, 0, 0, 0), (0, 1, 0,.0), (0, 0, 1, 0), (0, 0, 0, i), 
(1, 0, 0, +1), (0, 1, —i, 0), (0, 1, 0, —1), (1, 0,—1, 0), (0,0, 1, — 1) and (1, — 1,0, 0). 
‘Since eaoli of the 10 lines of this 10, configuration pastes through three double 
points of ‘the surface, we see that the ten lines of the configuration lie on the 
quartic surface. We remark that the points, edges and planes-of this configura- 
tion arise respectively as the. sections by the hyperplane > 2, —0 of the edges, 
plane and hyperplane faces of the simplex A, Ag... Ау. Since the co-ordinates 
of the ten points of this configuration can always be put down as above, 
it follows that with every three-dimensional 103; configuration of Desargue is 
associated a quartic surface as the one considered.” Sa 

The reciprocal results may ‘be similarly considered. > ps 


е 
> 


- 


" 
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$ 19. Аз в particular case of $0, when р is an imaginary fifth root of unity, 
the simplex А”, А; о... A^ 5, the co-ordinates of whose vertices are given by 
the rows of the determinant 
LJ 


o 


i р p гре р? 





- 1 p 


ів mutually self-polar w.r.t.. the simplex of reference Ау А, ... Ag. It may be 
shown that the joins of the corresponding vertices of these two simplexes, namely, 
the lines А, A",,, Ag А! уз, '..., Ау Afg form a set of five associated lines 
(Baker, p. 114). This is, in fact, contained іп what we now state: 

Pairs of points Ay, Ауу; Ag, Aigi. ; As, АТ. can be uniquely chosen 
respectively on the five linca a, b, с, d ind c of ап associated set such that the 
co-ordinates of the points АЛүү А” о... Ау referred to the simplex АЧАз... А; 
are given by the rows of the above determinant.- i 

Let the pòints of the line a from which transversals can be drawn respectively 
to the pairs of Jines c, d ; d, b ; b, c ba denoted by а. ау and о. Then it can be 
shown that (ау, а, а, Ау) =1+р, and (а, а, œ À";)—1-p*. Ву means of 
these and other similar cross-ratios, the pairs of points Ау, А”, у, ete., can be 
located geometrically. у 

$ 20. In the previous article we have shown how а set of five associated 
lines can be thought of as tho joins of the corresponding vertices of в particular 
type of a pair of mutually self-polar simplexes. Reciprocally, we may show 
that a set of five associated planes in a space of four dimensions (Baker, p. 118) 
arise as the intersections of tho corresponding hyperplane faces of the same 
type of a pair of mutually self-polar simplezes. 

^ Gratitude is due to Prof. C. V. Hanumanta Rao, under whose guidance this 
_ paper was written. 
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. SPONTANEOUS ENERGY FLUCTUATION AND QUANTUM STATISTICS 


o 
. 


Ву. 
В. М. Biswas 


| : (Communicated by the Secretary—Received January 6, 1943) 


The purpose of the present paper is to derive expressions for— 

(a). the energy fluctuation at constant volume of a perfect monatomic 
gas under conditions of negligible degeneracy, 

(b) the fluctuation of the number per “5” type of cell in the cases of 
Maxwell-Boltzmann, Bose-Einstein and Fermi-Dirac distributions, 

(c) the energy fluctuation of quanta, and 

(d) the energy fluctuation of a monatomic solid, in the light of modified 
Gibb's statistics as developed in two previous papers (1981.32, 1938). 


In these papers, it was shown that whon statistical equilibrium exists 
amongst the members of the system, the density of distribution, i.c., the density 
of a slundard element of volume Av satisfying the differential equation 


—— ——— 


X Op Ou Өр Bu 
8а, Эр: Opi 6n] 
has solutions pz: (N/A) g- Pu for photons, and p- (N/A) 800—0) for material 
particles, where А = МАЗ and у, B are constants, ` | 
If gas molecules are represented in six-dimensional space, divided into 
cella of volume АЗ, then on following the lines of the previous paper (1981.82), 
we have 


(irre А, (1-08-40) aT uae 1 


wherc 3 A ‚= 


2ту (2 т)ёи За „е, е 
hs E 
denotes the total number of cells in the phase space included between the energy 
layers ч, and u,+du,, and C,, the number of cellg in that domain of the 
phase-space including r-representative points The total number of R-points, М, 
in the same domain, and the energy E,, are given by 
Я А, A,u, 
N,=390,,= о, Ви, 
LENT ИЕ 270—9) 1 
In order to evaluate В, we can put wW, —A,1/2C,! as explained in the 
7 paper (1938), and with the help of Bolizmann's equation, it сап be shown that .' 


В=1/КТ. 


- 
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(а) Energy fluctualion at constant volume of a в perfect monatomic gas 


under non-degenerucy, 





; , S=entropy of the gas—2B, . EC e 
ME, i Ы 4 : | А,1 
‚ where | „ам ы ЕЕЕ UN 
S=-K 3A 1- (7 u,)/0 K À,u, 
чы ыш Ug 2 gu 
Buc where 9 KT: 


ВЕ =. 
09 P т’. 


— 


58= ES 9 3l A, ne Tele LE. Bea, 4; NK 5910 


+3 (Алло? ity „ m" )u-5 Ey 80 ® Ae (=u) sg | 


+3 i a 79/69 C gig s=% sE к 0) 


where Ё represents the total mean energy of the system. 


=0=8 X A, oU "0/6, 
The first and the fourth terms of 38 in (5 ате zoro. `The second, third and 
the fifth terms are -o z 








+з к. KNUS$6 
ES 8((NUS — N Ü ), -NU. p v. and gr 
ТАРА pi 3,2, 249 8010 U= X Au, 71/0 _ 
Us n . : >п, ' Xn, 
Henc&. , E mka в e 


Putting E —NU, | 

N U3-m 0° 62 dU gBR-mE 8 | 
——=——=——=ә——у = — = : 1 S 9 
Pk №02 . wU?; dé Я (53 Е), (classical) (9) 


and for ideal gas or colloidal particles 


Н RESTE TRE > 
| FE) = 2 =U? U’? | 
- ŒB, = oy =a | e o0 


Calculation of the second order term in the expression for (88E), 
. From the above consideration it is clear that 
NU? -NU EsS- E" 
N?U?. E 





$ 


^ 
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up to the first order. Іп order to evaluate the second order term in the exprgs- 
sion for the energy fluctuation at constant volume which is characteristic of 
е two statistics, Bose-Einstein and Fermi-Dirac, it is assumed that the two are 
equal even up to the second order. The method of procedure is as follows; 
| — U2 
ro NU? ` 


г 
| 

tdl 
12 
q 





' US and 0° are to be evaluated according to the two statistics directly from the 
rule of averaging. - А А 


ЗА us оч, )/6) 


U:- ; 
Zn, Е 





| у 
NUS- mn PIO рее! "ray 128]. e И) 
The + sign corresponds to Bose-Einstein and the — sign to Fermi-Dirac statistics. 
Also | : : 
> h3 
шын A 
Vi2ning)? 


t 7 Е 3 
where у= №3 [У (4ттӨ)?. 
From (4), we have - 2 
№02 =15N69(1 T $y), NUs 8 NO(1T dy). ... (5) 


From (8) and (5), we have (Ghose, 1085) á 


E NUS-NU? _ 2 | : 
EP ETE qc vid) 


Firth’s value for the above is E: (1+2у). This can be derived from (2) 


by putting the value of U as given by tho second equation of (5). This clearly 
shows (hat some second order terms have been left out of -calculution. Hence, 
according to our considerations, Fürth's result is incorrect, 


(b) Fluctuation within the cell. К 
Mean square deviation or fluctuation is given by 
m № — №2 
Hulu p NE (2) 
` t N? 


Возв-Еіпвівіп. 
Mean square number per cell . 
о и] 


# = TES СОР ГЫ e (8) 


zZ 
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, Mean numoer of molecules per cell 


1 


NULLAEL. е ©, 
From (7), (8), (9) we have: ` 
BN mo 9I Мз . (10) 
N, 
. Fermi-Dirac. < | . P 
А Е" o %:)19 


буи i кана m - 
from eq. (82) of а previous paper (1981-82). . 
ED LN EI 
"pee 9 7/6" * uuu 19 | 


We have, as before, 


М, = 1-1. aye * ng AD 
, ` N, 
Hence from (10) and (11), 
N= 1 41, | : -... (2)- 
N, 


Ше + sign for Bose ‘and the — sign for Fermi statistics. Equation (12) is the 
same as obtained by Schrédinger (1926), Fürth (1928), Tolman (1988) and 
Ghose (1985). | 


- Classical. 2 E 
By carrying out the process ав indicated above and neglecting unity 
—(b-u.Y 
compared with e “11/6 we have 
ss 1 
ON ER —,, : ... (18) 
П s N? 
which is the same as given by Tolman (1988). 
Mean square deviation is defined to be equal to 
К № 


А, N? 


od 1 | 
=a, Е А. we | (14) 


A3 = 
А АХ 


on putting A,N, =N,. On putting у=0, equation (14) assumes the form after 
omission of the negative sign 


Ag n ll 1 P 2 
р At N, + А; .. (15) 
b 


which is the same as that derived by Einstein giving number fluctuation of 


quanta. 
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(c) | Energy fluctuation of v, — radiation. 
` In this case, energy fluctuation is defined to be equal to ilis dispersion ef 
energy associated with the total S-type cells, 
ш Dispersion of energy for v, — radiation 


х PES =А, (08-0)  ` ... (10) 


where A, is the total number of cells in the energy layers hv, and h(v, +dv,) 
in the corresponding phase-space of six dimensions representing ihe photons аз 
explained in a previous paper (1938), U? the mean square of energy per cell, О, 
the mean energy per cell, à 

i E G =A 0 Кз ө Pu IET, — rhv, [ЕТ 





T0, 5... 
cs NU p ЖЕКС ME. JE Љо в im 
ш n: ec hv, [К Түз dcs eh IET С” 
Hence the fluctuation per unit volume as defined by (16) 
3 29, 
^ =hy py, уйу, cu S ; | vss u9 
8zv,3 hv dv, 


where P, dv, ШӨ ТИ С y: 
Equation (18) is the same аз obtained by Fowler (1929). 
(d) Energy fluctuation of a monatomic solid. 
In a recent paper (Biswas, 1943), photon statistics has been successfully ap- 


plied to a monatomic solid to derive expressions for its C,, entropy and free energy. 
a 


Henve SE =A,(U2 – 02 ), 


2 


. 1 
and on putting ‚ A.—4sV o8 + бу v,3dv, 
| j L T 





in the case of a monatomic solid, we obtain the fluctuation of energy per unit 
volume 


( 1 , э | hay se I ET 


=4 9 S усе с-ту... e (19 
Г №, ИТТ : 
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STRESS SYSTEMS IN ROTATING AEOLOTROPIC DISCS 


By . | E 
S.'Guosn 


(Received March 15, 1048): 


This paper is a continuation of a previous one by the present author (1942), 
in which the conditions for the existence of a state of plane stress їп an aeolotropic 
material with three perpendicular planes of symmetry at oach point have been 
discussed. It has been found that if a plate of such a material, with its plane 
faces parallel to one of the planes of symmetry, be subjected to arbitrarily 
- prescribed tractions on its rim, a state of plane stress cannot, in general, exist 
in the plate. Some simple examples of plane stress that can occur in ihe plate 
and each of which requires the tractions on the rim to be distributed in some 
restricted manner, have been considered in the.psper mentioned above. The 
present paper deals with a plane stress problem in which body forces are present, 
vig., that of the distribution of stress in а rotating aeolotropio disc with circular 
or elliptic boundary. The only complication that arises from the presence of 
. the body forces is that the partial differential equation of the fourth order satisfied 
by tHe stress function is no longer homogeneous. -In spite of this complication, 
the absence of tractions on the rim of the plate leads to an expression of the 
stress function which is a polynomial of the fourth degree in х, у and quadratic 
in 4, where 2 =0 is the middle plane of the plate. This expression for the stress 
function is at oncé seen to satisfy the conditions (obtained in the previous paper) 
that sre to be imposed on this funotion for tha existence of a state of plane 
stress in the plate. 


Fundamental Equations 


Let us take the middle plane of the plate as the plane s=0, the axis of 

rotation as the axis of я and the directions of the lines of symmetry in the plane 

#=0 аз the directions of the axes of =, y. Assuming that X,—Y, =Z,=0 
throughout the plate, the equations of motion-become 


8X, ба 
Өз ey Е ро?у, 





+H = — pu?a, 
where о is the angular velocity of rotation. The stress components can therefore 


be expressed in terms of а stress function x, by the for.nulae 


- өзү 
9:91 „. (1) 








8?x 
Х,У дыз, Ү,= TP X, = 


where r2 =r? + 42, 
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„ The stress-strain relations are (Ghosh, 1942, p. 163). - 
вх==811Х; 819Y y, 655 7819X5 +833 Хи, Oxy = 85gX p | 4 (9) 
е 
654,72064,5720, 0,,— 81 5X , + 8g3Y y. 
'To satisfy these conditions, we assume 
TRES pa =p. 12591 | | 
U= ug — 8 io 5500 we. | .. (8) 


Ў ш=шув+шув, Х= Хо + X22, 


where, Uo, Vo, W1, Хо, X2 are independent of ғ and wg is a constant. 
` Substituting in (2) and eliminating uo, Фо from the three equations satisfied 
by thein we see that Хо satisfies the equation- 


r 


' 4 | 
i sarga + 0ана) gags + об = pw a(s, , +2819 +820), ee (4) 


and we ан from the other equations, 





\ 








2 ? ^ e? 8 2y 
“33 V1 NT. X9 көз?) AM My. c TETI teegaa” | 


ГІЯ w 82x аа ОХЕ 
dady” 866 37A. 9=ду’ » 91-818 ay? 


= 9? a? 
and 805 =в13 ay +823 Bu 


Oz 





3 
+823 взу, — фро? зажег)", ° 
) 


| Elliptic Disc 
In the case of an elliptic plate with its semi-axes in the directions of the 
lines of symmetry and of lengths a, b and with its centre on the axis of z, 
we take d , 
Xo = 0929 + boy? + Az* -9Bz?y2 + Oy*, | 
: \ (6) 
X97 0929 +6053. 
Since хо satisfies the equation (4), we have 
899A  $(281 з +806) В+811С = уро? (811 +2818 +823). — ... (7) 
Let v be the normal to the rim of the plate, so that its direction cosines are 


ся’ p? O; where " акт Б Then Я Я 


x c 1 
X -Pix,-Dx, v, = Bx, Y, 


а Xz, Ух, from (1) and (0) on the MUN 25+ =1, we geb 


2 


- 


_ рт D 12C гр 1 _1 
X, = 2+ (4B көөн eat) + pay oy cur tie" ат) 
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us 12A 12B 1 
Y,= PY Gao +( (4B- — фро 3)52 + 205223) + pz?y He p? 7 —— — ipo (à -A)h 
* We now Es the coefficient of zy? in X, and z?y in Y, vanish, so that 
a? = Bb? + ри (а? — 08), Cb3 = Ва? — gl pw2(a? — 08). 2. (8) 
The equations (7) and (8) give 
B ә ро? &*+28 34263 +8 gb* P » (9) 


8(8114*+8026%) + (284 9 1-85 4)a2 62 " 
Calculating w, from (6) and the last equation of (5) and substituting in the other 
equations of (5), we get two equations for the determination of аз, bg. They 
give ` T 
a309(8 4899 —819?)ag = фро? (31 34? + 898b?) (8, 10? — 8, 4b?) 
—9 (18s, 343 +853362)81 , a? — (81 yi Bags b Qe an" ув, 


. (10) 
9362 (81 1899 —812°)6о = — рш (8 за? + 53302) (в, 942 —в„„Ь®) 
+2{(881 sa? +82302)81 3a? — (8 за? + 889 59)s5 9b) В. 
On the rim of the plate, t 
| h 
[5,55 J X,de=0, 
Аһ Za 
во that 
ag+ (2B-łpu?)b? +3h?ag=0, 65+ (2B—1pe9)a? +4h2bg=0, ... (11) 
which determine dg, bo. 
The average values of the stresses on the rim are 
$ = 218 — 252  — ` 
X,49Ba y^ y, = 888 2 Х = eBoy, ve (19) 


ше ы аш, 


Let в be the tangent to the rim of the plate. Caloulating 88 88 from the ical 
stresses (12) on the rim, we have 


p 352 

88 „не , ... (18) 
where р ів the perpendicular from the centre of the plate on the tangent to the 
rim at the point, 88 is greatest when p is least, i.c., nt the extremity of the 
minor axis and the greatest value is 





2,42 
8Ва® = Oe, ve, (14) 
= (856748; Ja?b? 
where = 31105 98; 4958 + aabt" .. (15) 


` 


If the major axis of the elliptic boundary coincides with the y-axis, the 
greatest value of эв (which occurs at thé extremity of the minor axis) is 


ро? а 


EDT x 
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` 


E —4, заь? 
wHere soneg араа e, ac ANT 
КЕЎ В 855% -- 284 a? b9 +81104 (17) 

The constants 811, 899, 8ga are, in general, positive and 3,9 negative. If = 
811 > 8gg, we have . 


A | 1 sA — (811—812) (a$— b4) : 
; a B (456 —4 81 9)a?5? те ЛИ 


Therefore the greatest value” of ss given by (16) is less than the greatest 
value (14). 2 
For applieations, let us consider ‘sheets which are cut out from Oak parallel 
- to the grains of the wood, the direction of the fibres coinciding with that of the 
y-axis, The elastic constants fot Oak, ав given by Hórig (1985), are s,,;=10 15, 
8991.72, 815 — 0.87, 84,=12,8. With these values, - 








16.28 a2b? pe 16.28 a?b? 
10.16 a4 —1.74 ab? 4 1.79 je : 1.72 44 —1.74 4858 10.15 b4 ` 


а. = 


In the case of an elliptic plate of an isotropic materia] of the same density 
with c=}, we have for the greatest value of ss, 


рша? 
у’ ^ * 





7 a®%b3 


кз ? 7 ga SPA aE 


Now B2» y when 20.52 4$—4.10 082 —38 49 0$ >0. - | es 


2 
Taking Қа) 220.52 —4.10 z— 88.49 z? where = we have 


Ја) = —4.10— 16.98 =, 


which ів negative when æ is positive. 

Therefore f(x) is positive when <=0, diminishes continually ав x increases 
and becomes кычы when ж:=1. Further, f(z) vanishes when х=0.67 or 
b/a=0.8, 

Hence, во long as b/a < 0.8, B is > y, во that the greatest of 38 on the rim 
of the plate, when the minor axis of the ellipse i& perpendicular to the fibres, 


is less than the greatest value of 48 on the rim of the corresponding, isotropic 


plate 
We also observe that for a to be > y, we must have 


- —88.49 at—4-10 a?b?-+ 20 52 b* > 0, 


which cannot be the case > when аъ.’ Thus а < y, and Барые the greatest 
value of 88 on the rim of the plate when the major axis i 18 perpendicular to 
ihe fibres is &lways greater than the greatest value of $8 on the rim of the 
corresponding isotropic plate, 
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Circular. Plate 
Putting a=b, we get the case of a circular plate. We have 
Хо= 6022 + boy? + Brt 
С Хе= igt? + boy? 


8 28 
where B = loo? jit 28]2+ 590 : 
8(811-* 895) + 2819 4 856 


The average stresses on the boundary r—a, аге 


X,—-8By?, Y,-8Bz9, X,- -8Bzy. 


The average circumferential stress on the rim is 8Ва?. 
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SOME SELF-RECIPROCAL FUNCTIONS 


By i à 
H. C. Сорта 


'"Conimupieated by the Secretury—Heceived April 1, 1943) 


1. A function is said to be self-reciprocal in the Hankel Transform of - 
order v, if it satisfies the integral equation | 


t 


f()- | Угу 1 (ey) fly) dy. | (9 


Following Hardy and Titchmarsh we shall coall such functions Ry. А number of 
functions Р(х), known as kernels, has been given from time to time to transform 
an Ra function f(x) into an Ry function g(x); and vice-versa, by means of the 
equation 


g(z)- [тей fly) dy. 


Thé objeet of this paper is to use the following known kernels (Mohan, 1941) 
in investigating some new В, functions: . 


Ò 28 а КЛЕ J _g(4a),trenbforming Re _3 into R, and vice-versa, 


2 
(it) gi J _ i Ga) | , transforming В, into В, and vice-versa, 


(iii) dios i ($) Jz 4v (ёа), transforming RB. into В, and vice-versa. 


The three kernéls have been applied to the R, zie function (Varma, 1988) 


p m FPE UII phan 


от mtp-i,-i2 2 

=2 x e W рф im, bo (222) ... (1.1) 
where p+2m>-—1, and p is an even integer or zero. It is interesting to note 
that the functions investigated in this paper are in the form of generalised 
hypergeometric function, Га. 


2. To apply the three kernels to the B function (1.1), we first 


+2т 
evaluate the general integral 


Ie f 2,29 J dey) Gay y" *^ 75357 97 у уа), gm 099080. 
° ` - 
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ccs жау Lau MN 
* Since J (27 @)= пра 2 8 a], 
a“ v Pat DEF 1) etd, +1, u+v+l; 


we get, on using the following integral due to Goldstein (1982), ` 


Ime 3rü-mg 
Tü—k-i | 





Вт 1170, 








=] |$ (=) Tet y+ Br фаре * ^97 
$ аса 


т аах үү 


ху ox өт, в (ày?) dy ... (2.1) 


©, 


=y (=) P (ct vt2r 1) Pubs ced ОООО С )+2+7} 
rao. г тат DEG rt DE or» rt DPR ty A р) +4+7} 
1 $ A+ptyt2r Е 
ЕТ Е WD ... (8.9) 
(yg mon de 
и +у+ртА) + т а +у+А+о) +} | 
Tutol- -p-3yy237 mop `\йу/% 


| fety+1i’ ptvt2 р+у+А+ръ +9т p+vtAtpt§ : 
; Q "' "9 : g . "jJ... (2.8) 


x 





x P, 9 
pti, УТ, p+vtl, (Ул р) ; —#2? . 
provided that R(A-Fp--v--m- pg) > |m | - 8. 
The term by term integration involved in (2.2) is justified, dde 
(i) у-в-> Jufdey) 7. (у) represents an integral funetion and is consequently 
uniformly convergent in any arbitrary interval (0, A), and 
(ii) the integral 


{ 


в D(urve2re Dey tt ert 
г=0 E rl 








— 142 es 
oC Woy mer, а 0) y^ ^ $ ay 


m 
9 





converges under tho condition stated on account of the asymptotic behaviour 
b (2) — ym 


в, сана the first kernel with the H8»—3 function (1.1), we obtain the 


Ry function 
© 


f e» E jen, Lg mU У. 5079-47 ее ae 
9 У 
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.'-. The value of the integral.'is easily obtained from the general integral (2.8) by 
putting respectively: d», v—3, v~ 3 and 8y-8—2m-for A, п, viand p; we thus 
obtain the Ry function .. .' . : ths 00 а 2 А 


Қа)=а" 7 4 Fol, 2v- т-—1; у+ф, т; — 423), d . (8.1) 


where (i) &(v-1)—m is zero ога & poaibive integer, and (ii) }<R(2v—1) >R(m); 
and (iii) the :integral (1°0), converges. By the principle of. analytic continua- 
tion the function is В, under the less restrictive conditions (i). and (iii), viz., 
R(@m+4)<R(v)>—4, ав may be inferred from the asymptotic behaviours of 
Дв) and „Ёз, vis., Ј,(2) ~ 2-4 cos (2+0) and (Wright, 1940); .- | 


Fala, b, c, @;— g) ~ Ах“ + Bz7*, R(z)>0, 
where А, В, C are some constants. 


^5 


If, however, we apply the kernel do the | siseqonding В, function (1.1), we 
then obtain the Rey—s function . Е : 
P EPO, ee: д»—1, TORUM 9) 
valid, by the principle of analytic continuation when. i —m=0 ora positive 
integer, R(v)>$ and В(у—2т)>-8. 


4. The second kernel, when applied to the Ry function (1.1), yields the Eg,—1 
function 


© 2 
/ eu? "2, den | v7 77$ TEW а р gm dU) AY 


To evaluate this integral put фи, v—43, v—3 and v—2m for À, р, v and p 
respectively in the general integral (2,8) ; we thus obtain the R8”—1 function 
a” 7 EQ, litv—m;2v md; —429) 
valid, by analytic continuation, when зу-т is zero or a positive integer and 
R(2m — 8) -CR(»)0. 


Applying the kernel alternatively to RB$5-1 funetion corresponding to (1.1) 
we get again the В» function (8.1). 


5. For the application of the third kernel, we put 0, }—dv, b—1 and 
1-у-2т respectively for Л, ш v and p in (2.8), and obtain the R» function 


зЕз (3, $-dv—m; b * 3; тър у —}ш®) 
valid, by analytic continuation, when 2—v—2m is an odd positive integer and 
R($—2m)—R()» — &. 
Using the kernel alternatively as before, we get again the same function. 
5—1468P—2 
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It ıs interesting to note that the four self-reciprocal functions of the type „Р, 
investigated in this paper reduce to-,F, in quite a number of special cases, some 
of which are also particular cases of the В, function (Mohan, 1989) 


1 159 
gv tanty 3 1Р,(- п, n+v+1, 422), 


R(v-20)2 —8, R(v- n) —1. 


My best thanks are due to Dr. В. 8. Varma, D.So., for suggesting the problem 
and for his interest in the paper. 


Онвівт Ононон Оошков 
CAWNPORR - 
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ON HARMONIC FUNCTION 


By x 
Н. BiRcAR 


(Received April б, 1943) 


It has been possible to find, thanks to Villat (1916), in a circular area bounded 
by а chord, an analytic function f(7)=u+iv, whose real part u has в prescribed 


value on the bounding chord and the normal derivative = of whose real 


part vanishes on the circular boundary, Indeed, & function, with limited 
arbitrariness is involved therein, and an application to the elusive hydrodynamical 
problem of transversal oscillation of water across a long canal of circular section 
would be attempted in a future issue of the journal. 


Ав any segment of a circle containing an angle 8 and bounded by в ohord 
with extremities t0— tc in the w-plane can be conformally transformed into 
a semi-circle of unit radius with a bounding diameter of which the extremities 
are g= +1 in the z-plane, by the substitution 


0-0 (x) (2-5) i-o 


wrc atl 


we need confine.ourselves to а semi-circular cross-section of unit radius in the 
a-plane. 


2. Take a rectangle of arbitrary but finite dimensions, a=w], b= TA 
во that wg is pure imaginary. 
iH. Villat has shown that the function 


. 2 
о , 


(шт, 2ш») ]de, 


_2т Ws 


defined in the couronne of extreme radii е { “1 and І hasa real part equal 


to f(6) at wae? of the unit circle and the imaginary part zero over the 


UL Mg 
concentric circle |w{=q=e  ' 191 , where t is а Weierstrassian function with 
the semi-periods w,, 20 з, and log w has its principal value. 

This function is regular from two sides of | w [=q and the normal derivative 
of the real part on the circle (4) is consequently zero. 
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Let 1(2›.— є) = (е). 
, Then 





f zog о "R. ic 
sto fio (sn bao ra etse et] | 


-%3 Е E log w- i jJ wu log ш+ ®ъ à Je 


For real positive’ w. (between q and 1), this is evidently real.. For negative w 
between —1 and - q; log-w=log w| +іт, and for this value of the авар, 


Вы) = Гы log w|- = e е ы = : 


7 


Eget um [шу E MENSES wi la 
DU S Mus aN D К 2l т log || ru 32 іт log jw] + T Г ° x 


Ten is clearly real. 


i 


“has, E(w) ) hag a real pari seii to тө) at exe” of the unit cirele and its - 
imaginary: part zero over the remainder of the semi-couronne on the upper half 
of the w-plane (and therewith the normal derivative of its real part is zero there), 


8. Let us effect the following transformation 
„е m E auct bh Й 
w=gqe) 007 А 
То һе semi-couronne will correspond a rectangular domain two of whose sides ` 
the axes of co-ordinates of the u-plane will carry in their respective directions,- 
the dimensions. of the rectangle being =з along ‘the positive real axis .'and 


w, along the positive imaginary axis, The unit, circle corresponds to the: 


B(u) - ^2; the circle] ш |=9, to R(u)=0; while the line arg w=0, м: 

to Su жы and the line arg w= 0, to the line Pii "C 
Led | w,-wg[i and “з =w; 
Let v4 be real number such that oc cto = . The substitution 

түш ur =u would conformally displace the rectangle во. as to . ocoupy' 


a position in the u,-plane with vertices ES 


— у] v —v » =y 
feere Ron 27 R 9 , е» —- лт ынак 


Let Бу, Во, So. S, be the elementary symmetric functions, of four- FUR 


nümbers 21, Zy, a, z, suck that the relations 
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. ONE : | "T nU 
(s, [ww 2 1. — —® ‚ and (v; [w,, ш!) = — E a: 15а Fa ay 
*are satisfied, in which 8, is chosen quite arbitrarily, and € is the Wierstranian 
elliptic function. è 
The transfcrmation 


а= Si + + wa) — «и [ш!,, из) 
* Su, [w,, ws) - (vy [w'o w^) 


which carries 
М (ug — 21) (со 79) (ug — 23) (ug — 24) = (и [W], ws) — Blu vi [wl үш! з), 
and of which the inverse is 


Us dus 





у= 





& (43-1) (из та) (из —3)(ua—24) 
would conformally transform the rectangular domain in the u,-plane into the 
lower half ofthe ug-plane, the vertices would ‘correspond to the points ug=2, 
(r=1, 2, 8, 4) end in particular the edge which corre:ponds to the unit circle 
would be transformed into the portion of the ug-real axis between хо and гү; for, 
шү=З (уу /2)— уу) + 81/4; 297205(,/2) -t(1) + 81/4; 
= Sho (у [2)— t1) + 81/4; 2,726(/2) - уу) + 81/4; 
wh, w', being the semi- -periods, and consequently 
2i > Lg > ©з > 24 
as Ци) > (и) > Solu) > (m, (0 < u <w). 


N.B.—&(u-t vi) ~ 8(u) is a doubly periodic elliptic function having four poles, 
vig, —v,, —v;. 0, 0, within the displaced period-parallelogram (2w/,, 2w/s) and 
consequently vould have four zeros withm the same domain; these zeros are 
evidently ' i Е 

—v,/2, ~vi /94- ws, E wh +w!s, —v,/2—w', 


The formula C(u/w',, w's)-it(iu/w;, wg) may be utilised when a change of 
periods becomes necessary, 
The transformation 


us=—A 12773 (A 0) = — "3779 (A ів taken to be equal to 1) 
Ug —94 Ug —X31 


would transform the lower ug-half-plane into the lower tug-half-plene while 
ауу and c4—3»0 in the us -plane. 
The substctution из == и, would transform ‘the u -lower- -half- plane into the 


lower right u4 quarter-plane or upper-left-quarter-plane.. We chose the former. 
The gubstctution d S 


Xil 








la> 0-1 ns taken to Eo IM 56d 
xe ш 


В u=- 
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would transform the u,-lower right quarter plane into a semi-circle of unit radius 
in sthezlower g- half-plane ‘ with the points = +1, ‘ds the extremities of the 
bounding digmeter, е: : | T€ О я 


4. Thus tg = а (oy аа) + LS, and шу = = log Z =w, v; /2, 
2 у . V. xe 


bad (оса, АБИ 
iao xi nd 2 К +81 


— 





s 
"D £i-83)* 


** g*341 2 | ‚ 4 
ac z; log w- gon wg |— 8(v4 wi, wg) 
8 M log w+ М. [usen og 
= : T 
4 


L8 (2 log w+ 3 e. vs etes Ws) 


[Since, ‘on- &ócourib of homogeneity, 8 (0/1071, wg) = 8(u/-itvg, iw) = &(u/ iw, jiwg), 
(suppressing the negative sign for а period), = —&(—iu/w,, wg)-— ее 
из); ‘and'@/(u/w!y, Ша) = — ВН, 105) ], | 


n We * т А 
| =f wok y vy = wr — tv) —tí(1 81 
ГЕ ЗА 1) (d in log ^8 | Е: 


(the semi- periods being w 1 and ws), 
This would transform the upper Serhi-oouronne of ihe w-plane into a semi- 
circle in lower a-half-plane with s= “+4; as extremities EE its bounding diameter. 


Correspondance. - Me. ыз g bode 
‘To a point 20—6 ið on the unit circle, would correspond-a certain point ‘ton 
the reál s-axis, given Бу. Me оО OD 
23 ү + у " у Н w: 2 
сау (21—23) + = = EG 6+ та. ES eon }- Т] +: 
and f(0) = F(z) say, where 2 and б are connected by the above relation, 
EE "d © 0z6zm [=|51. я 


de | 


4 





Transformation. | 
E. EE Ua — [4a 
J. u » (; + +u) (zen) 
w=qe =96 02 77 7 = А 
therefore, ; . i Е T 
ui adio -L 
‚ ©з log w= Ut f зт No TT I 
prac 2 | v (tart zs) (tzat >24) | 
20.4 218, _„у 77 у RE | 
y g (7*9 ЕЗ dt 
-usf теб ысы ыр ысы о ы ш 
3; , | | A (t= ar) (t— 23) 23)(£— 24) 


=T(e), say, the integration being taken along а direct d 
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The function 


р "rel (re- EC 2 .)- i 


| =t (т®- э, (re zl Jie 


(w; and 2103 being the semi-periods), 


would have its real part equal to F(z) at а point в= г on the real axis and the 
normal derivative of ita real part would be zero over the semi-circular boundary 
and is regular within the semi-ciroular area. This real part is 


. T : 
в ji Ky UPGRADES RE 
Rye) t. rols amasan (эт (e E гето 


1 1 


e (гө -U ‚чате 


T 


Е | —e'(i$ T(e) | 
% | ЕТ (в) + 2 з — 8(iS T(s) +203) 





(^ €S(i3T(s)) — (903 


" 1 | д®'(31(а)) ] a 
ЕС | RT(s) + “1 .J- semen ) 


(w, and дф» being the semi-perioda of the elliptic functions) 


which would be harmonie in the semi-cireular area, according to the theory of 
analytic functions of a complex variable, 


Universiry ОР Dacoa. 
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ON А GENERALISATION OF REIDEMEISTER'S.FIGURE IN A WEB 


Br 2 я 
А. C. CHOUDHURY | 
(Received April 98, 1948) 


‚ In a previous paper (1942), I have generalised Thomsen's triangle to 
Dre which I have called one-circuit-figures. It has been shown there that 
these figures give rise to relations in 8 quasi-group which are usually associative- 
commutative. But in the geometry of 8-webs there exists another figure, namely 
Reidemeister’s figure, which plays an equally important role. An essential 
difference between the two figures сап easily be seen. ` 
In а Thomsen’s triangle (Fig. 1) one бап start from the point A and move 
along ADEBCFA. In going along this path, the lines AB, CD, EF are not 
traversed at all. These lines were called ‘non-essential lines’ in my paper 
noted above. А Thomsen’s triangle can also be considered as having been 
formed from в rectangular strip of paper ABEFDC which has been folded and 
joined along AB after being given a twist in such a manner that the two edges 
ADEB and BCFA of the strip are joined into one edge ADEBCFA, The non- 
essential lines are exactly the creases of the paper. On the other hand, Reide- 
meister’s figure (Fig. 2) may be constructed from a rectangular strip of paper 
whose edges are ABCD and EFGH, by folding it along DH, CG, BF and by 
joining along AE without а twist. The lies AE, BF, CG and DH are only 
creases of the paper and are therefore ‘non-essential lines ’ in the sense of my 
previous paper. The two edges may be considered as the two ‘circuits’ of the 
figure. H. Dibbert (1987) has used this property to generalise Reidemeister’s 
figure to n-webs. The difference between two figures is similar to that between 
one-sided and two-sided surfaces. 


Fre 1. ; Fra, 2 





А’ в 
The same property may be used to generalise Reidemeister’s figure to other | 
figures in а 8-web. In this paper, I have.studied, besides Reidemeister’s figure, 
6—1468P—2 ` 
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the next simple case in which the edges are two hexagons from the point of view 
qf the relations generated in the quasi-group corresponding to the 8-web. It is 
found that the fact that this figure is closed signifies that a relation ad=be 
admits a commutative transformation, though the products ad and bc may not 
be commutative. 

2. Let us consider the relations produced by Reidemeister’s figure in a 
quasi-group. Suppose that the lines AB, EF, DC, HG in the above figure are 
1-line8 ау, d1, 91, {у and the lines АЕ, BF, CG and DH are 2-lines bg, со, hg, fo 
respectively. The other four lines are 8-lines only. Then the figure generates 
the system of relations 

ba=fg, fimbd, ca=hg, cd — hi. 
This system of relations can be reduced to well-known simpler relations. Firstly, 
let a be the right identity for b, c and let f be the left identity for g, 1; then the 
system reduces to the associative relation . 

(hb)d 5 h(bd). 
Next, let а be the right identity for b and c, while b itselfis the left identity for 
а and d. Then ba-a-b, and therefore а®=а, i.e., а is an idempotent element, 
Thus the system of relations reduce to fg—a, (hg).(ft) fi. Lastly, let а be the 
right identity for b, c. Then the relations reduce to fi=(fg)d and hi—(hg)d. 
Further, let there be two elements р, 4, such that p(fi) =: and q(pi)—i; then the 
system finally reduces to 
(p(fg)d) = a((^g)a). 

It may be noticed here that three triangular relations are equivalent 
to an associative relation. For, from the relations (i) (ac) b= (ab)c, (ii) ca=ac, 
(iii) (ab)c = c(ab), the relation c(ab) = (ca)b follows at once. This can also be proved 
by means of the figures in the corresponding 8-webs ‘(Blaschke und Bol, 1988, 
p. 88). Therefore, if follows also that the system of relations generated by 
Reidemeister’s figure is equivalent to 8 sets of triangular relations. 

Two interesting special cases of Reidemeister’s figure were obtained by 
Bol (1987) by making two non-essential lines of the figure coincident. Let DC 
and ЕЕ belong to the same 1-line and therefore gj =41. The system of relations 
reduces to 

ba=fd, fi=bd, ca=hd, cd=hi. 
Let f be the common left identity of d, i and d the common right identity of 
f, b, №, с. Then fg=f=g9, and therefore 8 =], which shows that the element 
f is an idempotent element. The system reduces after some calculation to 
((hb)a)b=h((ba)b) which is Bol’s U,-relation. We can get another relation 
between a, b, c under the same condition. For | 

dba, h=hd=h(ba) = (ca).(ba) 
апа e=hi=hb=(ca)b, h=ca= ((ca)b)a. 
Thus | ` ((са)Ъ)а= (ca). (ba). 


4 ze 
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Again, let the lines са and AE belong to the same 2-line.. Then ha = 0, 
and therefore the system of relation i is:now = | : oe 54 


ba= fg, fi- bd, ca=bd, cd=bi. 


ie b be the common left identity for a, d, 9, i Then a=fg, d=fi, g=ca, 02 
and therefore a=f(ca), d=f(cd), g= (fg) ) and i-c(fi) If further ais the right 
. identity of c, then g — o, and therefore c=c(fc). Thus : 
| = (e(fc))d = e(f(cd)). 


The relation (c(fc))d = c(f (cd)) is Bol’s Ug-relation. 
| Reidemeister’s figure was bounded by two quadrilateral edges. Evidently, 
па. 8 . ‘one can consider figures bounded by two 


2n-sided polygons. The relations generated are 
^ more numerous in these cases. As the next 
simple саве, consider the figure having two 
. hexagonal edges (Fig. 8) which may be called 
Dibbert’s figure. 

Let the lines В„В„, A4A5, A Ао, B,Ba, 
BgAÀg, ÀgBg be Lines ау, bi, сі, di, 91, fi 
respectively. Also, suppose that В.В., А„А», 
AgA;, B&B, В,А,, АВ, are 2-lines ly, то, 
по, Ра, dg, Tg respectively, "while the remain- 
ing lines of the figure are 8-lines. Then the 
figure generates in the quasi group the gystem of 





віх relations - 
la=mb, nc=pd, rc— mf, тй=1/, qb —ng, qa—pg. 
If q be the left identity of a, b and г the left identity of c, d, then it is easily 
found that l(pg)=m/(ng) and n(mf)—p(lf). Again if 9 be the right identity for 
р, п and f the right identity for m, l, then (rd)a=(ro)b and (qb)c=(qa)d. If both 
these conditions are true, namely that q is the left identity for ab, г is the left 
. identity for cd, g is the right identity for p, n and f ів the right identity for m, l, 
-then it is found that 
С | =cb and bc=ad. 
Thus the olosedness property of a Dibbert’s figure is that a relation ad=bc 
admits of a commutative transformation although the products ad, bo may not 
be commutative. 

Conversely if in а quasi-group, a relation ad —bc admits of a commutative 
transformation, i.e., dac cb is aleo true, then the lines ау, b1, су, @1, Gg, ba, бо, dg 
and their common left and right identity elements (if these exist) will enclose a 
Dibbert’s figure. For example, let ру, qg be the common right and left identity 
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elements of a, b and ту, 8g be those of o, d. Then six relations абу = 601, 
&0,—09b,, agpi-—q90,, 6201=9361, Cgrj—890,, dgrj—85d, are obtained. 
These six relations between twelve elements ау, 01, су, dy, dg, bg, Со, da, 
Pis 9з, "i 8, Will define a Dibbert's figure. Evidently, one gets other Dibbert’s 
figures: from the same relation ad —bc by taking identity elements of other pairs, 
say а, c and b, d. ` 

Consider now special cases of the figure. If the two lines А.В. апа А„Ве 
coincide, the line may be called the i-disgonal of the figure. In this сазе, f1 =g; 
and therefore the above relations reduce to 

Upf)=m(nj), р) = т). 

Again if the lines А,В, and А.В: belong to the same 2-line, this line -may be 
called the 2-diagonal of the figure. Неге also "9 43 and the second system of 
relations deduced above gives > 

: (94)а = (aq)b, (qa)d = (абс. . 
If f, and rg are the right and left identity of elements, then the Dibbert's figure 
with the two diagonals signifies that da=cb when ad=bc. Thus in a 8-web 
corresponding to a quasi-group with unique left and right identity elements, this 
is the figure whose closedness property is that a relation is commutative although 
the products themselves are not commutative. Now let the two remaining lines 
A,B, and А,В, belong to the same 8-line. This 8-line may be called the 
8-diagonal of the figure. Theu these products are equal, i.e., ad=bc=da=cb. 
‘Thus the existence of the 8-diagonal gives that the produels ad and be аге 
commutative. If all these three diagonals met ina point, then we get a further 
result that ad=bce=f where f? =}, i.e., the products ad, bc are equal, commuta- 
tive and idempotent. 
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ON EXPANSION IN EIGENFUNCTIONS OF BOUNDARY 
VALUE PROBLEMS—VI 


Bv 
8, MINAESHISUNDARAM 
(Communicated by the Secretary—Received May 13, 1948) 


81. In6 previous papers with the same title, I have studied the problem 
of expanding an arbitrary function of two variables in в series of eigenfunctions. 
All the results, so far obtained, could be extended to a space of m-dimensions. 
т;>9, and in this note I point out the forms that these results take in the 
space of m-dimensions, Proofs are analogons and only brief indications are 
given, where necessary. 

Consider the equation 

я 


aw 
= a uw =l 203 
Aw + pw а д>? E (1) 


with the boundary condition 

w(z) = w(z,, 25,...25) =0 on C, .. (3) 
where C is the boundary of an m-dimensional domain D. We assume D and 
С to be sufficiently regular such that (1) and (2) have solutions for an infinite 
number of eigenvalues ра (arranged in increasing order of magnitude) with the 
corresponding eigenfunction Wa. We shall state some of the fundamental 
properties of eigenfunction and eigenvalues. These properties are known for 
m<8 and could easily be extended for m>8 as well. 





è Pa 
0 : 
| lim A > | .. (8) 
so that the series Зи" converges for y > 8. We write as usual Ass pl. Кы: 


W(#)Tn—g (Ат) = Lx f see e. (A) 





where w(z) i8 a solution of (1), 5 (у; —2,)? 72,74 ів the ‘ area’ of the spherical 
surface of unit radius and do,,_; is the surface element of a sphere. From (4) 
it is easily proved ав in ПІ that 


wa (2) = O3) - Oii) = 002%) ... (5) 
so that the series : 
> коа .. (8) 


is absolutely convergent for 2 and y in D. 
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82. The results (8) to (6) are, in general, sufficient to prove most of the 
параны results. Let f(z)=/(r,...%) be a function кызын L? in D and let 


ao) е Santala d Vet mut espe fas (7) | 
2—1 . 
zz Ку) Ea dy | .. (8) 


бы р;>0, Su. —x,)$=t <r? and ay i is ; m-dimensional volume element. We 
have now the following results: >." : i > 


Кора 1.—f the Кош coefficients of f(z) fulfill ue ‘condition. 


ine Ja- 





| iie “< Ax 22 - (8) 
E then its Fourier- series Ыр convergent at every point T in i faci 
uniformly in every domain contained i тр: - - o E 


For if 9H +в PT ets , 





5 алш, | Зиїа®®, at = 


THEOREM 2. 1] m <8 and хиа < then the Fourier series of f(x) converges 
at a point win D ў and only if Bm hw) ozists and the sum of the series is edial 


to this бөй : 
` The sufficiency’ of the ecuditióg т was proved in I1; and the дема" follows 
as in theorem D of III for m=8 as well. 


Corresponding to ‘theorems A and B of шу we duse the арун: E | 
Theorem 3.—If f,(r, =) > ав qe at а point z in D, then X AN ig 


mb 2 e ) 





go Pts 


"This i is proved: as in ш: on observing that the series Ж алто (А?) i is арво- 


summable ( (Rp, k) for k > max | 


lutely convergent for q Sm pr вые so ES 


м 


‚ Theorem 4—1] the Кош series of f(z), is йин (Вр, К) to ud зит 8, 


then ffr, Deters УУ p cdd. CEN т чо 





can take p > maz. A, k- a 


This ` is also Pw as in П with the aid of the following lemma which is 


the analogue of lemma 7 in III. 
Lemma,—If fe в L? and pan ашу then 


Aas | 
Сбш= X aemw-0(w).. у, , - 
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where 
7 form < 8 E 
у= 
IH for m > 8 
Itm > 8 


| Сш) [=| X амо, | CX а, Зи, 


Ещ 
=0{(3 49%} 005 п”)*} 


т+1 т+1 
Е | =О(п 3" )=O(w ? ). 


lf m < 8, the lemma is proved as in III from the formula 
“Ss в ш 847 М „[в„] + КУХ ГУ 
т? = for m=2 - 


ніт, < | 


тт for 11 28. 


using the relation ` 


There is no difficulty in proving the closure and completeness of these 
eigenfunctions. The method used in IV can ibe adopted here with the 
necessary changes. - Also the theorems on the classes of functions and their 
Fourier series hcld good here also, with the difference that k > mil А 

58. We skall finally prove a theorem with the aid of which the behaviour of 
of Fourier series of functions belonging to Lip (а, 2) сап be studied even as we 
have done in V. 


Theorem 5.—If f(x) в L3 and X pa2<oo, y>} then 





21n 
() X | anwa В < oo for g > ду—1+т , 
(i) Xu јао, | «оо fors Z 1 - +1, 
. 1,1 
For, if 1, —+—=1 
(i) or, Ир > P 
ie gal 
q 
3 | auto, Tm Ip? |a, [РР] 3 te (4 
ps ND 


lc di: 
k Va p 1 ть 
E [2] Pme 


where we choose. @р=2 or P= >1, and 8p=y or e =. Substituting 
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the values of 8, and 4 and using the asymptotic expression for ии, we have 


: 1, 1 
i ' sim rr p ER IM 

i | | < оо, 

provided _ В (у=) > 1, 
т 

А 28 NUS 

that із, , | m-Bj (у=) > I; 
| ; - m `- ^ 

P 1 x Er Qy-l+m ` 


The pe р= я> 1 requireà y > $. 
2,1 
(її) | х pÈ | ааш, |< f 3 plan Sum Yw =f) 


EE LN sog Y og 
if agers ogc- Pti 
if y Bag St eg y` 


ANDHRA UNIVERSITY, . 
GUNTUR. 
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sade een сер Му У © gels Cu elg 


эя, ЖО, Я а ч DN 


A CASH OF POLYTROPIO EQUILIBN s 
WITH VARIABLE ANGÜLARSW4 


+ - Ву А ` 
"ME (500 175. 70 окш Комав Roy’ | 
2(Communicated by Prof, А. C. Banerji—Received, March 25, 1043) 


"OA е solution of the problem of the equilibrium of polytropes distorted 
by & small uniform rotation given.by Milne (1928), von Zeipel (1924), Chandra- 
sekhar (1938), and others, Кора! (1939) has pointed out an easier alternative 
to the method of numerical integration in the special case when the polytropic 
index is unity, and has given the solution in finite terms in terms of the Bessel 
` functions. Ла this paper:we shall discuss the. corresponding problem for variable 
rotation. The variation 4 ів gupposed to be spatial only and not temporal, so as 
| to be equivalent to the superimposing of a system of variable forces, constant 
in time. Тһе spatial dependence allows us the simplification of using Poincare’s 
result for steady rotatión with’ variable angular velocity. | 
т equations of rotational us with the usual notations, are 


7 -a?r nine = 55 = Sig х) 
are ev 1 Әр 
— 2 =. —— — — ———. ave 
a MEG a 100 p roð i @) 


For. the polytrope. with мы) п,  we*write 88 usual , 
i 


ssi", реки" Uk A5 eri, kin SERGE" de-Rd6.  '.. (8) 


T 
Y 


Then w? being ur to Moped o on m" distanée {гош the axis, (1) nnd (2) 
give У КӨ = — fw?r вїп?бйтк= — for? sin @ сов 6d6 —& function of r sin 6. 


Thus we can write V—-RO= —f(r?(1— p?)) + const: ©. B 


where ` p= cosh, and f(a) = фо? (а). - .. (5) 
Substituting in Poisson's.equation, ünd changing Hom т to Ẹ by wring 


R КА - (n +1) ә 
. $ = 2 
DEA f ncs POS ү е "ue nia т: Amy :. $ 


w 


a ae 


wo аа. «d Of 999: | 119 255 98] gr E, 
we find! PG ET Si. "a 09) БОШ Лу" 


| 1 ef 19 of 
where Pedum Е" gfu- = р) A 
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For n=1, this equation is a linear equation in Ө. Hence if f is а sum of a geb 
of, functions, i.e., f 2 Xf, then F is also of the form ZF, and we can write 9:220, 
9 299, 1 9 2 99, S F, 
=| gE J+ — (1-м) |=-@,+—, .. (6 


where 
* 


The simplest form for f, follows from the consideration that since f is а 
function of ғ sin 6, f cun be expanded in a series of powers of т віп 0, and we can 
take | 

| f,» r' (a - ay 
corresponding to which ` me 
(033),237:73(01-,3) 9. . 





+1 
Expanding f, in the fora r' A4, Palu), where Аж, = mt 1 / (1 - u3!* ()ди 
т 
-1 


and substituting in (6) we get 


1 a 309 19[_ 2,08 E 
rane t£ |.p.lIL—I(1—y&49Y 4a ae :—9 
where Ви, are determinate constants given by 
8-3 
| В_\# s(s+1)—m(m+1) 
Ba: =| — EON LT 
ы (а) diya Ans 


To solve this equation as usual we put Ө, 2 У (ОР, (и) where the 
arbitrary constant usually given as the coefficient of ¥,(€) is supposed here to be 
included in the function y ,(¢) itself. “Separating the coefficients of Р)(и) апа 
equating them to zero for every value of j, we get the system of equations 


` а ‘je T 
T: pem l8 


Now the solution of the equation 


1 d M DI 
рде), 


` РА 


$ 


is given by the associated Emden functions for the index n=1, which is given 
by Kopal in finite terms in the form 


y, o2! ‚/ 2 пул, yar hys pe | EE Js) NE , 


645 
Hence, neglecting the constant required for normalisaiton, and including an 
arbitrary coefficient, we can write V;(£) =а;ф (6), where | 


af а "fain s 
$, (6) =5 (&) (4 )- car ED 
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Now the complete solution of equation (8), following the usual rules of the 
solution of linear differential equations of the 2nd order, is 


адалат, Ф [ qup 


E d: Рд 
+(—1)22-7,,3(8) / ЕЛЕ / В,,у'(—1)7у7#7,.50)0у... (9) 


where а, and b; are arbitrary constants, the latter for our purpose being zero. 
It can be seen that the particular integral here can be put in the form 


xpa (d z а Vf 
eO J ау, where xp, le)= / сэз 2) (ors (0) 


ydy y 
and x ;, ‚ (<) satisfies the relation 


xia (8) = (8 +}—1)уу—-›,-1(®) 7 2'6, (2). .. (11) 
- Ну < в we use (11) up to the function xo, ,-,(z) where 


Хо,.- (2) = f» sin y dy 
which equals {2-1-1 sin (z— 3)-6-i-0 sin (z—1).z!7772 +... 


k+1 
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+(—1)*(s—j—1)(s—j—2)...(s—j—k) вір (=— 


4 (—1)7/-1(6—j—1)! sin (#81. ... (ША) 


1£ j > в, we shall have to use (11) up to the function x ,.,,o(z) where 


: gat 
= Е а віп y a, [* 
— no) = —1)7-‘у2— | LL in Yay = (1r f а dy... (11B 
X;- nio(£) f Hy (4, (Е ) $,-.(y)dy ( ) 
The particular integral in (9) at first sight may appear to give an infinity at £—0. 
On closer examination however the apprehension would appear to be false. 


'Thus our complete solution for eq. (8) is 


Yl = 2. 27 -1/TIG 0 +B, 6,0 ПЕЕ „ @2 
where a, is an arbitrary constant, and the other factors have been included, 
as given by Kopal, to retain normalisation. In the integral involved here, 
№ will be observed that the integrand remains finite at z—0, if s >j+1, 
while if s=j we know B,,=0, if а< —1, the integral diverges, but the coefficient 
of B,, in (12) remains small due to the presence of the multiplying factor 9 (£). 
Hence we can always find out the value of this integral, and so of ;(£) at any 
point, 

The expression for the potential can be written down from (4). 


88 ' sce с. 


à. For the law of variation (o?) (=BC, or ü- 43)! 2 from the last sbation 


б 





werget 
Vé в) = танне хб; E DE fei We Ш 
а Б Pays bo D NN e) 


It will bé directly ttotiveable that instead . of, using the arbitrary, cogfücientg і in, 
the form а; T we сап put down 


ө, ‘= seta, ND Jae vac Ре i 


and write down ( (1) and (2) in the forms 


| -0 „Ів 8 | is {== Ay X ‚ .(2)ах 
У = Золе в(8 1) = ient ; 2,0 fcn rig$83(z) ` 8! Р (ши) 
(8): - 


Ө= jones rut fic (a) m m ... (4) 


Here it will be observed that with’ our assumptions relating to the value of be 
particular integral ab £—:0, the condition of normalisation at £=0 where 81 





gives Cg -1direetly. ^. ,7- 5. 4 to ; ОҢ кыз 
For the case j=0, for the particular integral here it can be easily seen 
D о фо: = ао 


ЕЕЕ ouk NA 
Eo 95 001 а= =H)! . (8—8)1 8i* al 


c3 gi- | 
Burr uy E ME ane ved -8ji Aes 


one of the serios ending i in a term in т, and the other i in а constant, thus thé s 


: 1-29 
term in the series in the second oar й ас being (— py r(-1) 9 
according. as s is ver or odd. | a that* there is an additional. term in 


хоз з з ig odd, vis, (— 1)^ @—1)1; sin” A we find that on integration, consistent . 


with our intention “to make, the particular integral vanish нет 0, we вап write 


To. 


, E i xz E i Zi р 2 ^ ; | : АЕ T 
at ‘ 4 | ж B оу 2 $8(2 | "eos T Я j | 


* The expression (11А) is! cum vanishes ГоЁ 2=0, if t—jiseven. When's-j is odd,' 


to make xo,.-,(e! vanish at c0, we must add в term Т 
СЕ 


ор i vin tte iN калыгы: Sur 
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in the form "gu Sii ee fS des Qr go sra | S ovt я К 
(-1y/? crt Bon 4(- ys d nm — £x) if 8 ig even А И 
ео e nna 


This is a good exemplification of в particular ease of our analysis of § 1. 
' These: expressions for the particular | integral oan be verified, by integration in 
series, which in this particular саве is rather simple as can be directly seen. Гог 
the case s=2, we get the familiar result that the particular integral for the 
‘constant uniform rotation is 5 7 


502-48 выса) воњ). 


When the rotation i is gmall, the determination of the arbitrary coefficients С’, 
follows- standard methods: With, the i usual ‘treatment, comparing the аалы 
and external potentials and their gradiente at = Bü (=r in our case) it can be 
deduced that ea s 


C, e, (E) tél) зав азначаны) 
eene 
Tea Wty, de ү xre(Gd(—ay | А | 
ш) а) -| s9*0-j6-D | 
1251. We haze азу ро shat сае - “ 





8. Characteristic | Оена “of ‘the pid polytrope. —We know that 
фо (6) ia the Erden function 0 СЕ index unity. ‘Hence pol) = 9o(1) =0. 


Suppose, that the boundary is E to the lat order of small quantities of the 
order of the square of the angular velocity by {= i Fag =т+ AE 1. Substituting 
in the equatior 9(£1-- A£,, и) =0 we get : 


ICT ex | ove eave BB Sind) f^ Cage Бч 


С'о being of course unity... Hence noting that 8’;(€,) is: negative, the boundary 
is given by : 


{= & rg e 58, ttt P (= а ОЕ TE 


where {у is of sourse =z, and the C’,’s are тана from eq. (6), $ 2. 

7, Thus the distortion of:the star due to rotation consists of a series of harmonie 
terms, together with a uniform expansion, which вв i & A frestion of e radius of ‘ho 
star, is given by-the expression UP „лы; Roe? Mate - 

МЕК — Lebe. Ж: bo Eon 
p ; XB. : ar 


AIOE) с m (8) 
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where the value of I, from eq. 5, from the previous section, is given by 


\ 
А (-1)°/2 = -z +.. dto pe E Pues 


T 


(8) 








; +33 ( s-1 
—1) 3 zi T PE 
ang (—1) -1- |-1-(1- а] ..+(- ) 3 220 ex) odd. 
| 2 
Al ло, =4В| 241, а:{(8/2) 1) 1} (8 +1)! a 
о. f " (rn! 9 PAREINA 3 
according as 8 is even or odd, 
Hence we get By,= g^ elet Dou (5/2)! nites even 
{тул (s+1)! (4) 
3—9 
^". 8(8+1) (8+1) 1 т 
A “Gen PT {8 +1)/2} 8 2 с if 8 is odd 


Thus the proportionate expansion (2) can be put in the form 


1 КЗЫ в(в +1), ((8/2)1)? 
| 3 even 





£110" (€1) в \4тул _ ЧА (F1)! 
z 9 (а= DTE _я$ E 38 gr | 
+ 1 5 С, В 2—2 3(8+1) (8+1)! 
& fe^ (61) 18, оаа 8 \ 40A 4тух  2'*i[[( +1) XE 


4+9 Ni 9 3-1 ta 
х(—1) un ея sen tnt (5) 
т 2! ! 
The expression for the difference between the equatorial and the polar distortions 
can be easily written down. 


The volume of the star is given by the integral — fff гЗат du dg taken 
through the whole star. Knowing the equation to the boundary from (1) and 


noting that I P,(u)du=0 for all j except j=0, we find 
-1 


Volumen] Fo Haee g 





i 4my 2 Ё 
Em КАХ тену, — NP $4 | T 
3 ў dry &leue)l °° : ms 





where Bo, and I, have the values given in eqs. (4) and (2), во that the addition 
to the term 1 inside the last pair of curled brackets in this is simply thrice the 
quantity set down in (5). 


EN 
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The mass of the star is obtained in the form 


` Y S Ы 
Maas —2т f f prdydu— ~in erat O'f3dtdu n=1 


Bubstituting for O£? from. eq..(6) $ 1'we get 


ug 1 
Mass Lan EAT. 7101) Ji p ^B £2 — ге 
i 1 4n). у : y Е: OE 
-1 `0 
9 зу 98 FE? 
-i4ü- — — > ара. 
EC и?) Si] deh pdt 
Now over the range п < £z; т+ Де, the integrand is а small quantity of at 
least the order of the square of the angular .velocity, while the region of 
integration for this.range of values of £ is-also of this order. Hence in neglecting 


the fourth and higher powers of the angular velocity, we may exolude the region 
т & ё<пт+А&у from the range of integration, so that 


Mass c pan f f 3| -§ 2¢ Sh e Ti Во" Oa 


= Tarly C, oy 4 +1 
EE жү |+ H- eu = I, dug | 


Now from § 2 it is easily seen that 


| ет Vg T os 
хоо (E) = бо +3 сачын) аз уж ii 














8 — (6*1)! Anya ё 
£? : ^ 1-1 
x 4sin ё бвр" ..+(-1) G-I 
(+1)! | В V3$5s(G-1, j4'$b-(G-10! 
M & 3! [((61)/2)]? (25) remi is 





n "s | F - 
y f. eh " a 


Hence 
x-e(ne) L Bl de E043 mS 11 GU 
1-2, 
TEA _ P ur ANNE GR 
ео ( ay wo \ 





s 6. (nhà [в Vatsoen, sut 
ова 8 2**1[((s-- 1)/2) 1]? Any Anyr 


- Lin? UL ии 
«e-njais(- pp tus —1) aen Ji 
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Hence the mass can be put in the form . а 
. 1 * 
Kaw (+1) 8 1 
ини | elo( Troc E I 7 
^ dey SEI ola) |) "her" М 
where Во; із given from (4) and I’, is défined as being equal to 


| | ^ de A HRS . 2 Р 
(pc, (= te eH о-у Кыр" arit! ) 





т (s—1)1 (@+1)1/\ 
if 8 is even .. (8) 
and ; 
aa ons 441 ) 
aye (611!) ,, ou EN Y (8—2) pP emit і 
(71) - |-1*(- -1 T i- D a ni ti) eui 
| | i : i E: _ ifais odd. i 


This the mass is known in terms of given constants up fo the пеееввагу degrée 
of accuracy. From eqs. (6) and (7), we find that for the star, 


у t. - А - у | С. 2 
Mass _ Algo(és)! IE Eje) Во, 3 Г, 
Volume &1 1+ 8 XB, Sut, 
| : 7 4101) ?' 
= А1061) | 1 

Ë | + 2187021) 





С.в (I, —31 .. (8 
FE) В, A i 
up to the degree of ‘accuracy we are working -with, Hence noting that фо(ё) 
and Ө; (ё) are identical functions; the mean density of the star is given in terms 
of the.central density by the formula 


Pe ^ (Es) 
mo a Ig 





Pn 3B% + (І cma .. (10) 


4. In 81, when we obtained the result 


Y-R6 = – 01-8) ее уте — 


our further developments depended upon the supposition that f,(€/1—p%) is 
expansible in powers of y l—p?. In the general case we know that this 
assumption is valid, but among the cases in which we cannot accept the 
validity of this assumption, we have the important case when 


V-RO-a —log ё/1—и%. say = —v log Ẹ&y 1- p? 
in which case ucc es Consideration of this oase also yields new resulta, 


TJ 1 p? 
whose details however are omitted here, 
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We shall now revert to § 1, and for integration purposes, give the solution of 


eset) «льна a 


in another form. ‘This equation can be written as d . 


Alet) Liebe jr nani 


"Since j+ for our cases is always Bel meres the complete solution of this 


equation can be written 
‘ 


‚Е бт d 
PEN E ZEE "ST 54.3 ede СИРИ 


в f Boer gant NC "E 


‘following the usual ‘solution Бу’ the method of Variation of Parameters. In 
conformity with what we have been writing i in § 1, we put B=a, 2+1 (1+3), 
A=0, во that'i > 


0 и HG+ "a (n 


+ 





б Bis of - (2) 
‚. 2,віп (+4) 

This can, be compared, with the solution (9), 8.1, к! does not йе the Bessel 
functions of negetive orders. 

If we extend the definition of y,,, (z), given іп. aii to negative -values of j h 
we can use the same recurrence formula as given in that section to deduce the 
values of x;,,(z) and ) x- 7 т, NO which would serve to complete the solution 
of eq. 8, § 1 in either the form (9), $1 involving а quadrature using Вевве! 
functions of posisive orders only, or in the form (2) here involving the use of 
Bessel fupotions of both positive and negative orders. 





5. Conside> : the application | ‘of the foregoing analysis to a particular cage. 
Suppose that 


ads ra" af 1 Е YN. foa ota . 
= T | "E 


where R?=r? sin ‚ В, is the н of. the ster satisfying the polytropic 


relationship with index unity, In this cage, using the notations of § 1, we write 


-10р «os 


ai 4 - d 4 
«= (2-8) = га" as Pau ai 


А ,{20-j(}+1)} 


зо а. В,.= ob А 
E ia Amy 


9—1468Р-ПТ ` 
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в 8' , __ 16 8 у 
where Ao ip As= ai А, ==, =0 for j $0, 2, 4 
Bus. B=- 2%, В,,=0, В, 5040140, 2 
: 04 843" 24 Br’ 


us 
р in this case being given by ero 
We can therefore write down the equations for j=0, 2, and proceeding 
with the caleulations indicated, we get 
Ц 





Оа D 4° (8— £9), 


pci n fet Con и, 





, The actual values of the arbitrary coefficients ag dg involved herein are deduced 
“as noted previously Бу comparing the expression for the. potential Уш obtained 
from Ө, with the expression for the potential at an external point Vex (fig) 


of the form E +З АРУШ) on the boundary: of the undistorted 


polytrope. 
The working for this simple particular case а ihat though the general 
‘methods set forth in § 1 and § 4 oan be used for yielding the results in any case, 


it may probably be easier to solve the problem more dicetur in simpler parti- 
cular cases. 


In 3 1, for n=1:we have got the equations 
ue БӨ = -jf(r*(1 — y) + constant 


and 2 ^" Ө +Ө= ivi 


the meaning of уй being obvious, vis., 20 ) 1—8). |, 
i ' aget + Oy 
Now, the complementary functions for this equation are as given by Kopal 
. o : 
vus 9-3 aj ;(£)P (и) e (2) 
where ` -WOEL ATG + OTH) 
| £ 


R | i a \ fain 
Jj; m (1) itil 7 
i47 C727 (=) (et) 


To find the particular integral write У in the form x. rat $) + 293: 
w u 
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where o?—£?(1—42)—£? sin? 0; а:=ё сов 0. Then the equation becomes 
1 98 90 | әғө i11 d{-~ df ° 
== +9=-— a . .. (8 
TG сс Т oe Но ra ‚ @) 
since f is independent of s, Now the solution of (8) can be written in the form 
Ө=ХЕ,в*'Д,(у/1+К? o) +0 = (4) 
| Е 
where k сел be given any set of arbitrary values, and € is given by | 
1 dja de 11 d f 
ATA —= Olas v ... (Б 
© ds do E RG £0 4) ш 
The series involving the arbitrary constants, vis., &XE,6*'Jo( 1-- k? о) in (4) and 
n 
Залу 4 (&)P (и) in (2) can be replaced опе by the other, while the particular inte- 
gral is given by (5). Buppose now that f can be expanded in powers of £#(1—,%) 


во that we write f in the form SRA, ‚03°. Then the solution of (5) is found out 
8 
tobe 60/—205,, 
г ` 


к=з— —1у+-®-198,-9%-әгг. е 
В. EN 49А, (por — = e DU oat, .. (6) 


It can now be ны in terms of ihi SUME harmonies, by expanding 


er pii д3), Thus 











uk 
RF sys i ,3! 
(1— 49) EL Rc 1)*p 
Let (1-,43)* = 3 вы 
ы a SS PtP RM-1)?. 9: 4n+1 
Tia T eun н x Гелия g Pan(aldp 
+1 ‚+1 d 
Now, 93" (2n) | ] 131 Pss (и)ав= f нэ" le? —1)*]dp 
-1 -1 З 
which after 2n integration by parts are 
+1 (21)! " 
Qn 21 21—99(,9..1)9^ 
2an (am)! f^ Ра (ан granny E (иэ —1)9*dy 
(201 B(l—-n-r4, 2n +1) 


— (8-25)! 
where B(m, n) is the Euler function of the first kind. Hence we get ' 


_ 122 (n1) (20) 10+ n) HeL( — 1)? 237 
Qs 2 аа) н) Г € 
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Combining (6) and (7) we can write Ө’ in the form 


Ro. m (8—1)! |? 
I= 2 —])-4-1935-2£:-2, 2 7. 
ш 24 Аз, = m 2 | kl | 


xus TSE (45, + 1) (21) (l+ n) Ik 1(— 1)! 22* 

«тө ten (l+ 2n 1) (т) ILI 7D) I 
The coefficients of Ра„(и) can be separated for any prescribed set of values, of s. 
We can verify (8) for simple cases. For example we ‘take the case 28—92 


corresponding to uniform rotation. Then = ig 


an)... (8) 


` @/=23.Ao, a constant. 


For the case 282-4, which has been treated, we get 
ети iive (1. pu S882" D Pal a 


= =е-ерый еван | е 


which can be compared with results given in the beginning noting that córrespotid- | 
ing tó that case we have here, 


" ? 
ВА, = ae 4 = 1.6., p Br? ` 


We shall now siis dowi tion (8) the Өргө оп tor two more values of з, 
vig., 8=8 and 8=4 s 


8=8: ! : S ae - 
a’ = 82 ga д, bad (ge 2 te puncta 
84: 


ETTA unes eec esta (atn Bees Lee tn, 


- (Br "38s nine Jer gena. 


6. We have found out in $8 that for'an шы velocity given by the 
expression 


Оа tT aed 
the mass My of the rotating star cari be put in the ‘form 
1-1 8 
kàn (п+1) үч } Oat 
dril — !o(£)l41 В, › 
| iy (990), E SET 


where B, ,, I’, eto., are Шева! тя вање seótioh. 
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For a non-rotating star with the same central density A and satisfying the 
polytropic relationship with the same index unity, the mass Мо is ° 


i2 d 
= 4nd асо é? l ool) 1. 


Hence the mass of the rotating star is greater than that of the non-rotating model 
in the ratio 





MEE с 
М.:Мо=1+ ZB,, —-I,. .. (8) 
: Ө у], °з 
The volume ratio in the same way from the related equations is 
8 C 
Vo: Vg—l-c ZB, i I, ties (8) 
К &le Ле °з 


The ratio of the mean densities for the rotating and non-rotating models вап be 
written down from eq. (10), 8 8. These three equations show that the increase 
in mass, volume or the mean density relative to their values for the non- 
rotating model is additive when we modify the angular velocity by adding terms 
of the form (1) in w*. The actual values of the ratios can be compared if we 
wish, for even values of s, with the values obtained from usual treatment 
using eq. (8), $ 5. | 

We shall now write down the relevant values for s=2 and s=4 from $ 8. 
8-2: UE | 


o? = Са, the case of uniform rotation ; &8^,(6))] 1 


deny T 
Со | x? 8C 
г М„:М =1 зч Ў o. = ~~ 2 
Jj ^ +o à ) Vo: Vo=l+ i 


вондо i e (ea) 


We can compare these with the values given by Chandrasekhar (1988, p. 899). 
8=4: о2 = O r9 (1— д2), &18^5 ($. ]=1 


тул 4 пул. 8 80 түл 4 пул 6 
C R Br? п“ 
: =] —4 .77.,84—--——.— 
(em) :(рађо =1 2түл. &тул « 6 ©) 


For the law taken by Bhatnagar, vis., 





29234] r? 1—19). png-4,2.R 
o =08 та в TE i: HIA 
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р 


we get, combining the above, 


: Mo: "Mol z 





Е ) 
od Ита) 8 бта uet] i 
(рь): :(рә)о=1+ „25, aig 1) e 6 *) n 


These can be compared to the values given by Bhatnagar (1940, pp. 84-35). 
My grateful thanks are due to Prof. A. C. Beanery for his helpful keen 


nterest in the paper. 
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ON A MEASURE OF DIVERGENCE BETWEEN TWO STATISTICAL 
POPULATIONS DEFINED BY THEIR PROBABILITY DISTRIBUTIONS 


By 
A. BHATTAOHARYYA . . 


(Communicated by Mr. R. C. Bose—Received June 2, 1948) 


Although the theories of Estimation and of Testing of Hypothesis are fairly 
developed, that of the Measure of Divergence is still in the rudimentary state. 
Except in the case of two normal populations (univariate or multivariate) differing 
in their means but with the same system of variances and covariances, and in the 
univariate case differing in their variances, no measure of any practical use has 
been defined. The author (Bhattacharyya, 1941) defined the divergence between 
wo multinomial populations and from this, by passing to the limit, got a measure 
of divergence between two populations defined in any way and having the same 
number of variates in which an (1, 1) correspondence can be established. ‘This 
was applied in the above cases already mentioned and the results were found to 
agree with the accepted measures. -Now we want to give some reasons in favour 
of our adopted measure of divergence, though the results were obtained early in 
1941. | ‚ 

2. Consider two multinomial populations characterised by the population 
probabilities (m; 7,...7,) and (яу, m,,...5,") of the k exhaustive and mutually 


k Ё a “see 
exclusive ways of occurrence, "Then ав Х т, =1 арі X m,'—1, (isi, Мпа, 
i=l {#1 


Мть) and (уту, V mgl... V ть!) can be considered as the direction cosines of 
two straight lines in k-dimensional space referred to a system of orthogonal 
co-ordinate axes. There lines may be called population lines. As a measure of 
divergence between the two populations, we have adopted the square of the angle 
between these two lines. The angle itself may be called the angle of divergence. 
But it is obvious that any monotonically increasing single-valued function of this 
angle may be used вв а measure of divergence. Then, if A is the angle of -diver- 
gence, we have 


k Тыч 
Сов А= 2 N Ti тц! ... (2.1) 


Some reasons for using the above geometrical representation become clear if we 
consider the sample. Let & sample of size n be taken from the first population 
which can be well considered to be an urn containing balls of k different colours 
where the sampling is with replacement. Let nj, ng,..n, be the number of 
balla of different colours in the sample -of size n with relative frequencies 


à 
(ру, фә, Pr), where р; = A. 


(1) If we represent the sample by в point (улу, M fig,... Vna) in k-dimen- 
sions, then all points which represent samples of size n lie on в hypersphere of 
\ 


* 
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radius yin about the origin. . If we change the-size keeping the, relative. frequen- 
cies fixed the new points lie on a line through the опвіп., Thus, the-change in the 
size is denoted by а radial change, but the change in the relative proportion by а 
movement on the same sphere. These movements are orthogonal and so can be 
considered tc be independent. бо, the proportions bave been disentangled from 
the size. The direction cosines of the sample line joining the sample point to 
the origin are (Vp Pi МР: Pare V pj). When the sample size is increased inde- 
finitely, the proportions (p,) coincides with the population.probabilities (7;) and 
we get the population line. (2) Another reason is that the standard deviation 
of each n, is proportional to y n and во, that of уп; is independent of n to,the 
first approximation. Во; мт, "в аге more suitable for comparison. (8) A third 
reason is inieresting. The divergence Бет. the sample e eae the population 


is easily got “rom the relation ©. | TAS eg | E , 
р ba d r 
Cos Di= i М Рая: fup d wi (2.2) 
LI 7 à 7 te of * ы NI 
where D’ 1s the angle of divergence between the two. Hence 
‚эр. — is 

И (WPN ЭС... 

n (pion)? 4 „үа А 
z3 Ф.т) ; approximately 


TC UIT сё, 


à 


correct up to terms of order | 1) i 


"a 
mM 2 > xvn , D. аай 
4n pes | " 


where x? is the Pearsonian coefficient for goodness: of fit.. And ae x? has the 
Я <2 Я MAC аз ‘ 
mean and variance of the order of k, X is small when п is large and во, 


sin Ры. Hence we get, approximately 


2 ^ a 
D'i-—X se @4 
| 2y n 
Similarly we can show that to the same order of approximation 


р (р. то)? — 
gv cm 1 
4 gin X Cus | 


x! VE ' vog t 
апа -heneé | Di= a= I és (2. 5) 
n | | 


where y’? has been СЕ by Jeffreys and others for testing the goodness of fit 

alternatively to x? (Jeffreys, 1988). Thus we see that to the same order of 

approximation as x or x’ we can use мт D' for the same purpose, ‘Moreover 
` this is symmatric, with respect to p, and zg., i 





DIVERGFNOB BETWEEN TWO STATISTICAL POPULATIONS 101 


“+.B. Тив now-put forward some ‘argument for: our proposed coéfficient of 
"divergence." As before an um containing balls’ of k different kinds where the 
sampling is with replacement can be a physical picture of a multinomial popula- 
tionc, For ‘simplicity ¿consider an urn containing balls of three different colours, 
гей, white and black, with proportions m,, т and ing- Ап urn containing balls 
of only one colour, say red, has got the probabilities 1, 0, 0... In this second 1 шо 
red ball ів a certainty. The angle оѓ. divergence A, between these ‚фо. multi- 

nomial populations is, from definition, given by 


Du S^ se: T вов Ayo m. HE . eae (8.1) 


Na: 


> 


Thue, я at ‘the probability ot. occurrence of the red ball, їв the square of the cosine 
of the angle of divergence between the 185 population with the second in which 
red ball is ‘a certainty. Similarly, for the other probabilities’ we can get inter- 
pretations in terms of divergences, the result being true in the genera] multi- 
nomial population. -In fact squares of the cosines of the angles of divergence 
can-be considered.as generalised probability. Consider now that the second -urn 
instead of containing only balls of red colour, also contains balls of blue colour, 
with proportions ту/ and m4’. Now, the divergence between these two populations 
represented by the urns is dependent on only the proportion of balls having the 
same colour, which slone determines the resemblance between the two popula- 
tions, ‘and rust be independent of the proportions of balls of different colours. 
Tf A13 be the angle of divergence between these two urns, then 
T сов Axa m V iri aO rs D V0.4! = Vrm 
Now if we consider a new multinomial population, the elements of which 
consist ‘of the drawing of two balls, one from each urn then the probability of 
getting a double rèd is r,.5^,. Оп the other hand ‘had the two urns contained 
entirely red“ balls, double drawing of red balls would have been a certainty and 
the angle of divergence A between these two populations so constructed would 
have been the same as given just now; namely cop A=W тт. Thus 4,,=A. 
Again, ifthe two urna contain balls of-entirely -different kinds, say the first one 
black and white and the second one red and blue, then-there is no resemblance 
between the two urns at all. They are entirely different. In this case the angle 
of divergence attains the maximum value of 90°. And this holds so long as there 
is not any ball of the same colour in both the urns, and conversely. On the other 
hand, two urns are identical so ѓаг:ав sampling with replacement is concerned if 
the proportions of balls of different colours are the same in the two urns, and 
conversely., Thus if the 1st and, the 2nd urn both have red and blue balls with 
the same proportions т and mg, then the angle of divergence A is zero. | 

The physical considerations inherent in the notion of divergence between two 
multinomial populations сап. be summarised -from the above considerations ав 
follows ;— 

|y Two multinomial populations oan -be considered ‘to be identical if the 
probabilities characterising the two be the same and conversely ; 


$—1463P—DT 
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(ii) Two multinomial populations may be considered to be entirely different 
ifethere are no ways of occurrence common to both, i.e., if they аге mutually ex- ^ 
elusive and conversely ; ` 

(ui) The resemblance between two multinomial populations, if that can be 
conceived to exist at all, must depend on the ways of occurrence common to the 
two populations and must be independent on the ways of occurrence which are 
not common to these; . 

(iv) The resemblance between a multinomial population and another in 
which one of the ways of occurrence is a certainty must depend on the probability 
of this particular way of occurrence in the 1st population. Our adopted measure 
of divergence satisfies all these considerations as can be easily seen. For the 
definition (2.1) of the angle of divergence shows that if A=90°, then 2 Ут: =0 
and as esch term 18 positive, түл =0 for all values of i, which satisfies (й). 
Again (2.8) shows that if Д=0, then X (Мт, = Мп!) = 0 апа consequently 
w,=', for all values of i. So, (2) is айай. Similarly, from (2.1) it is seen 
that (iii) and (iv) are both satisfied. 

4. Here we consider the possibility of using a monotonically increasing 
single valued function of A ав а measure of divergence. In the simple case of 
Bernoullian distribution where there are two possibilities, suceess and failure, let 
there be two populations with probabilities лу, rg and nj, a'g, The angle of 
divergence as determined from these populations is given by 


сов А = М 7471; + A mang T" (4.1) 


But if we take two samples of size n one from each population, then the distri- 
bution of k successes is given by the theorem of Bernoulli as "Cerina? and 
"C47 1127 * and the angle of divergence A, between these two samples is obtained 
from Е E —— 
cos AnH Sv (I0 ning! HAC n ps *] 

= (V ri + man's)" = (вов Д)". (43) 
And so, as the actual angle divergence is A. 


сов Д = (cos д) 21 +080094, ү (10g c08 Aa)? a., 


log cos А 


ie., —9 sin? = "+... 
2 n 


Bo, when n is very large and the two populations are not widely different (i.e., 
log cos A, is not O(n) ) we easily see that 


Д? = —-2 log cos A, fn. ‚.. (4.8) 


Thus —log cos A, can be used вз a measure of divergence between two binomial 
populations when this is estimated from two sufficiently numerous repeated trials, 


DIVERGENCE BETWEEN TWO STATISTICAL POPULATIONS 108 


In the case of two Poisson’s distributions whose means аге m and m the angle 
of divergence is given: by 


сов A= $ Ime т! | 
#0 at a! Р ~ 


AE C узуы "m 
а-я үт c Жут -m 


=6 wee (404) 
As there is only one parameter in this distribution (Мт – т)? can be used as a 
meásure of divergence and hence —log cosA can well be used for the same 
purpose in this case. 

Another interesting result is that if we have two pairs of-binomial populations 
with probabilities (ту, та), (rg, та) and (n'y, n'a), (mg, 7'4) then the joint probabi- 
lities of these two pairs are (түтз, түл, Kong, попа) and (л'үл/'з, mama mgng, 
nan’) and во if A15, за, Дуз, Aga be the angles of divergence between the let 
pair and the 2nd pair, the two firsts and the two lasts of the two pairs respec- 
tively, then 


eos Дуз, за (V mim Iran!) (утат? + W Tan 4)=008 Ay s. 008 Ag 4 
which can be considered to be a generalisation of the multiplication theorem of 
probability. But if we-define divergence to be —log cos A then we get 
— log cos Дуз, за = — log cos Дуз —log cos Ag, ... (4.5) 
where we see that by adding two divergences we deduce that of their compound. 

In the case of two multinomial populations exactly similar results hold as 
given above in (4.8) and (4.5).- 

6.. Во far we have kept ourselves confined to the region of discrete distribu- 
tions but now we consider continuous distributions. There i is no logical diff- 
culty in defining divergence in these cases, for we can directly pass to the limit 
and so from (2.1) we get, if-A is the angle of divergence, 


cos A = [vse зр... Da) P(E, Ty, se, 2,) 421423 e dz, ... (5.1) 


where the integration is performed over the whole space and where the probability 
distributions of variates тү, Zg, ... Z, in the two cases are. 
9 (e, gas oon е) da, dag aes dz, 
(5.2) 
$! (21, со, ... гь) dz, dig node, 


respectively. Неге the only assumptions are made that we can get an (1, 1) 
correspondence between the variates in the two cases. 

Again .as in section 4, if (£1, 25...90), У(У1, Yas---Yr) and (ay, z5...2,), 
(уң, Уе...) be two pairs of probability distributions, and if Дуз, 34 be the 
angle Е divergence of the 1st pair from the 2nd pair, then 


бов Дуз, 347 ПУ dedeg.. de, dy, dys.. dy; 


- Seg? йгуйше...йт,х [4 Vi. dy dyg...dy, 
a result similar to (4.5). 
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- 6. Let us apply the above method to find the divergence between two 
univariate normal populations differing io their means and. standard deviations, 
The angle of divergence is given by 


Li 





. © (ату) (w= ma) 
cos A= meum 4712. deg? dg 
- ; М 210 1037 _ 
as defined in (5.1). Integrating, ib is easily seen that 
(m4 — mg)? | : 
Un fg 
cos A= Jepi -в о og?) . „сыр (6.1) 
12 +оо? 
zo (i Шрот: осу = са :=0, then 
“ (mj — mg)? 
4 cosA=e 82° 
f та) 4 H^ 

or, m eal = —8 log cos A. | m (6.2 


Now the .expression in the-left side is the universally accepted measure of 
divergence in the case of two normal populations differing in their means only. 
As remarked, in section 4, —log cos A is also a suitable measure of divergence, 
being a monotonically increasing single-valued function of A whose range of 
variation is from 0 to оо, whereas that of A is only from 0 to 90°. Во here we 
get consistent result by our method. The reason for this function of A being 
suitable as a measure of divergence is that the binomial distribution tends to 
normality in large samples. If we want to estimate this measure of divergence 
in terms of sample readings, then we get the estimate, by putting efficient 
statistics i in place of the parameters, as е as 


@-ы/ | n8? + 788 
"ni Tng—2 т 
'The connection of this to the well known Fisher's ‘t’ is obvious. "This being the 
sample estimate of the population divergence, is the most suitable statistic to 
test the null hypothesis regarding the equality of the means. : 


(ti) If т. ms, then 


2 


NS A= а ... (6.8 
$ ve м 29 1 +o 8° ( ) 
Нав of course we may choose апу cd monotonically increasing funotion 


of A as a measure of divergence. Bow п is such а function. This can be 


chosen. ‘Similarly $ log (c12/0$9) is на such function. Both these fins: 
tions are asymmetrical and so suffers from this disadvantage. But their 
simplicity compensates more than what is lost in symmetry, The sample 


2 
estimates ёге ay апі 4 log (s$/58)' which are the well known statistics of 
2 ` ы. , 2 


Fisher and is used to test the null hypothesis. 
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(iii) ІЁ ће ratio of c, /og is fixed, then . 


Up UO fom ming 
нао) А оа 7 oy Vat ane 
Ug Tı 


But the first factor being fixed-we can take the measure of divergence as 
(my —mg)? (012 +092). 

Substituting the: efficient estimates of the parameter we get the sample estimate 
ав (шү ~ 2) /(8# +88), the root of which has been proposed to test the equality 
of the two means when nothing is known regarding the 8.D.’s (Fisher, 1985). 
By our method' we see that c1/og aught-to be known in order that the above 
can be used, which in Из probability distribution involves this ratio. But Fisher, 
by means of Fiducial argument circumvented this restriction. : 

-7. We shall now cunsider some of the. aspect of transformation of variates 
to make the variance constant in connexion with the notion of divergence. - 

(i) In the case of the Binomial distribution’in n repeated trials we know that 
the sample proportion is' distributed approximately normally about the population 
proportion т with variance z(l—7)/n. But the variance depends оп л. It can 
be shown that sin! VP. is distributed about віп-1 yr with approximately cons- 
tant variance 1/4n. Hence in two Binomial populations with population 
~ probabilities т and m and Having the same size n, the angle of тешеге! is given 
‚ hy (from 6.1) ' 

— " log cos A) /n= duci Мт —sin7} v. 
‘The right side is easily seen to be 
| [oos (y see Eo o] | 
which is the population divergence as defined'in (2.1). The above result is the 
` game as obtained in (4.8). Similarly in the case of Poisson’s distribution, if we 
assume that x ів distributed about Мт (where m is the mean) normally with 
а constant variance, we get the result already obtained in (4.4). : 


(ii) For the case of the standard deviations of.the samples of sizes ^; and tg 
from two populations having 8.D.'s с; and og, the angle of divergence is given by 


бое, | g m n8? _ng8? i 
| const. 2 _ = а = 
|. + oop A= ay yf № ©з 172 су? gis ds 

91 сз 0 


201 +п.-2 А j 
п п 2 л — по 
= const. (= 23) (s 1 Tà 2 ) 


i ħng-—1 T _%1 +992 
= (2 Hng 2 
const (n) | | ni у.) 


From this it is seen that A ів a single-valued increasing function of c,/og. Во 
either oy/og or "log (c1/c9) may be taken as в measure of divergence, although 
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both of these values lack symmetry. If we however use the result that loge 
ig distributed about log o normally with variance approximately equal to 1/2n 
Íhen we got (from 6.1). 


| [og (оз/ EIS 
— |10, түс 4 
сов A=const. в SIME ni Ug 
| / 
and so [log (c /o-g)]2=const. —2(log cos A)| 142) 
\%1 "e 


This result is in conformity with the above. In fact [log (c,/o5)]? is a 
symmetrical expression in c; and сз which is gn additional advantage. 

In these cases of those transformations which make the variance арргохі- 
mately independent of the parameters, the divergence caloulated from the 
transformed variates with the assumption of normality gives results nob in contra- 
diction with accepted notions. 

8. Let us now investigate the case of two multivariate normal populations 
differing in their means, but having the same set of variances and covariances. 
Let the two sets of means be (m. mg,...m,) and (m/,, m/a,...m/,) and the 
same matrix of variances and covariances ((а;,)). Let А be the determinant 
((a,,)). Then irom (5.1), we get 

cos A 


1 | j TF 2 ele —mQ)(z,—m;)- (=; =m, (£, ~m! ;)} 


m So ke сч, Пас; 
(Qn)? VA -0 =O =W В 


(8.1) 
where ((a‘/)) is the reciprocal matrix of ((a,;)). Let 
XaÓ((z, mQ(z; -т,) (£; =т/{)(а,—т/,)}=2 X в* (ж, —m",)(z; т") +С 
is j : 1 
„. (8.3) 


identically where m/,, i-1,2, ... К and C are yet undetermined. This way of 
representing the left side is always possible. Assuming (8.2), we get 


1. fof ахо, n, e-m) 
08A = Е e ' VE 1 П dx 
° (Qn)? VA J Í | i 


в Е | „. (8.8) 
To evaluate О, we note that (8.2) holds identically. Во differentiating both sides 
with respect to =; we geb s 


k ў Е . 
5 ALL +2,—m!,)=2 2 o6 m), j71,2, ... k, 


‘ s 
thatis ` ? X a!J(2m!,—m,—m/,)—-0, j-1,... К. 
to] 


So, multiplying each of these k ‘equations by 2m", —m,-m!, 151, 2,...k respeo- 
tively and adding, we get 
| За" (ати, =m, —т/‹)(@т‚— т,—т/ )==0. ... (8.4) 
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But if in the identity (8.2) we put z, —4(m, + m/,) we get 


#4 2 am, —nm/)(m,—1;)-2 aem 26 $ ow, «c 


Hence "E 

0-4 Хаит тут), ... 84) 
for the first term on the left side vanishes by virtue of the ШАНЫ. (8.8). From 
these it is seen that я 

Ї —8 ai ВА à, КТ ЖЕ (m, 7m! ;) 

The right side of the ae: except for a factor, has been used as a measure of 
divergence of two multinomial populations by Bose and Roy under the same 
hypothesis as ours (Bose and Roy, 1988). 


9. Asin the case of multinomial populations where each population was 
represented as a line in k-dimensions or as & point on the unit hyper-sphere, we 
ean consider a continuous population as a line in infinita dimensions or as a point 
on a unit hypersphere (where the line meets it) in the same space. The diver- 
сепсе is denoted by the angle between the lines denoting the populations or by 
the arcual distance between the two points on the unit hypersphere representing 
the two populations. Consider в normal population with mean m and В.Л. о. 
By varying m and o we get different points on the unit hypersphere all of which 
lie in a two dimensional band. Among these points (m, c) the point (0, 1) can 
be considered to be the starting point, the two systems of lines m=const. and 
c-const. can be regarded as the two curvilinear co-ordinate system in the two 
dimensional band. The lines of reference can be taken to be the lines m=0 and 
o=1. The length of the curve from c=1 to c on the first system of lines 
m=conust. can be obtained as follows: if да be the length of the are between two 
consecutive points с and с + 9e (where 5 denotes small increment), then 


2c (r + бе) 98 = des ЎА — № log т 


сов 68 = 09+ (6 +50)8 ' ВС No» /3 


Similarly, the length of the curve from m=0 to m on the line с= const. can 
also be got as follows: if ds’ be the length of the аге between two consecutive 
points m and m + ёт, then 





сов 08 = ё 8o? MEE E èm ‚с. 8an, 
2c 

- Во we get geometrical representation for m and o in а normal population. 

An interesting interpretation of intrinsic aceuracy is obtained when we apply 
the above analysis to uniparametric distributions. Let f(x, 0)4х be the probabi- 
lity distribution of x. Then ав before the distribution, for a given value of 0, is 
represented by a point in the unit hypersphere and by changing 0 we get a curve 
on it. Let s be the distance along the curve from any fixed point to the point 6, 
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then as before, the arcual distance дв between two points б and 0--80 is given by · 


cos ёв= [vie 9. ИЕ. 8 +802 


Now,by Taylor's theorem 


ако Поз t (9 
‚ 9+50) = 50+ 
V f(a, 8-86) =f" + aft я Ae. 


JU cog 88 — firs mf БӨЛ. ff OE Be. n a ` 


-1 (9)? [уе | 
=1 " | | 


*. proceeding to the limit, we get 


ә © » а ГА 
ds\ _1 ff" fig | 
(5) E Pise -3 [1 dn “log f de=}, ©... (91) 
where I зв the intrinsio accuracy of the frequency, distribution of 2 вв defined 


by Fisher. & 
If we have two distributions y,dz and yadz both involving:the parameter 8, 
then in order to compare the two distributions we may consider the relative rate 
of change of the elementary arcual distances as the parameter 9 is changed. 
Now the relative rate of change of aros along the two curves defined by the two 


ds, dé Ii - г чы 
i4 sg VE в O 


МЕ 


distributions 18 


which is the square root of relative efficiency of the two distributions. 

10. We have во far considered the divergence cf two Populations, discrete 
or continuous. But we can conceive of cluster divergence among a 'nuinber of 
populations. Though here we cannot get any simple geometrical representation 
as bas been obtained in the above cases, still we can, by analogy, get a measure 
which vanishes when all the populations are identical and attains its maximum 
value when there is nothing common to all of them. For instance, as before, if 
there are more then two urns having proportions ‘of balls of different colours the 
same, then the divergence is zero and if there 1s not a single ball of the same 
colour in all of them, then the divergence is mazimum, Let there be n multi- 


nomial populations (r1, тё, e) i1,2,... Then.if 
=. Е : А Е 1 ‚ 
3= :( Пт; |, зе (0.1) 


—log$ ог any monotone increasing single-valued funozion of this may be used ав 
а measure of divergence. If all the multinomial populations have got the same 
set of probabilities, then log 3=0. This is both necessary and sufficient Also, 
if $0, then as the terms on the right side of (10.1) are all non-negative, each of 
the terms must vanish, So, there cannot ba any common event in all the popii- 
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. 
lations, Also, as 9-1, —log 9 is positive. So this expression satisfy the above- 
mentioned requirements. It can be easily shown that results similar to (4 8) and 
(4.6) hold heré also. In the case of continuous populations we get З 


з= f .. | [06s dnas. des. ‚.. (00.9) 


If we apply this to the univariate normal populations differing in their means 
only we get 





© _2(z—m,)? Xm + (Em)? 
a= f 1 e 2108 — 35-6 2nc? Inr? 
— М Эпос 


—2n log $— [$т? —n(m)?]/e?, 


where m = (Xm,)[n. 

This result resembles thé familiar analysis of variance, the numerator being 
the variance of the means and the denominator, the error variance. 

In the case where the means are all equal, but the standard deviations are 
different, we get 


© 2° 51 
‘S= —— fe E 
A 9n(o1 0a...04)* -%0 
11 iy 
сўєй of 


1/1, 1 
aranea) | 
So, here the right hand side is the square root of the ratio of the geometric mean 
of the invariances or the amounts of information to their arithmetic mean. | 
The expression for cluster divergence gives us an expression for the diver- 
gence between two populations with different weights. Thus, if the n multi- 
nomial populations in (10,1) be resolved into two groups of њу and та populations 
such that the cluster divergence within the two groups are separately ER then 
(10.1) reduces to — 1 


k n Ny Hng 
9= à (men) 
”1 


which can be considered to be a generalisation of (2.1). It is hoped to publiss 
further results along this line in future. 
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ON 8-GROUPS 
BY 
M. А. JABBER 
(Received July 8, 1948) 


In а recent paper (Levi, 1942) groups were investigated in which the 
commutator operation satisfies certain algebraic conditions, e.g., in which the 
commutator operation is associative. This latter class of groups was called 
S-groups. The methods developed there for the enumeration of S-groups with 
two generators will be generalised in the present paper for the investigation of 
S-groups with any finite number n of generators. 

$1. Let G be an 8-group with a finite number of generators a, аз,...а, 
Denote the commutator a,6,07;!a;!—(2,,0,) by A,;. Since in an S-group 
all the commutators Пела the centre, every element of G can be written as 


a af tafa.... aD AT, Siete АЁ тү" 
orsymbolioly, ^ в=[ррьрь; Pig Раз. Рули]. 2 () 
Let 81 [p], р},...Р%; Pls, Р{,,...Р_,,„] 


8g = [р},...р?; Pis...P2-1,4] 

then direct calculation shows that 

8189 — [91».. d; 61 2,...9 nanl 
whe ASPI EPR plp? л 
and that the associative law holds for all the p, 9, P and Q's, which are supposed 
to be integral numbers. If on the other hand, one defines elements by the help 
of the ordered sets (1) of integral numbers, and determines a ‘composition’ by 
(2), then for this composition, the associative law holds. The element [o, o, ...о, 
0,...0] has the properties of the unit element and to every element (1), there 
exists an inverse element 

8—1 =[- рт»... MPa; 7 P1a7P1Pgi Pain Pai Pa] .. (8) 

Hence these elements form a group. The commutator of two elements 8; and 

‚8е)=|0,...0, 

mr | pips pa-p 

and ((81, 89), 83) = [0, ...0;0, ...0] 


`89 1в 


So this group is ал S-group. For the purpose of this paper, it may be called 
the free S-group, generated by ау, аз,...а,. It may be emphasised that two 
elements of в free S-group are equal if and only if, the corresponding co-ordinates 
in representation (1) are equal. In general, an 8-group generated by аџ,аз,...а, 


pips Р4-1Р3 
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satisfies (2) and (8), but the same element might be represented by various 
systems (1) of co-ordinates. Hence 

Every S-group generated by n elements ів homomorphic to the free S-group 
generated by Gy, а8,...а4. 

$2. To investigate the S-groups G with n generators, one has to classify 
the various system of relations which might hold. Denote the commutator 
group of G by C, then both C and G/C are abelian groups. The relations in G/C 
are of the form 


att nU =1 | 
]p t4 (mod C) ... (4) 
kt Кї ° 


01l...0," z1 
As the a’s are commutative modulo C, the vectors (kj,...44) form a vector- 
space of n-vectors, hence the maximum number of independent relations in (4) 
isn. | 
Applying the theory of elementary divisors to the matrix of the indices of 
the relations (4), one gets | 


еі 
"он \ 
irá 61 ва, ..вн 


where К (5), P— (93), Q (a2) 
and ` det P= +1, det Q= +1, 
Some of the e's may be equal to zero, so that the subsequent e's may be taken 
arbitrarily and will be selected equal to zero. With this restriction, the e's are 
invariant under all transformations of the matrix, If in particular, G is a free 
S.group, all the e's are zeros, | f 

So by the transformation 


the relations (4) reduce to 


NI x m ... (5) 


The commutator group not being changed by these transformations. 
By similar consideration of the relations of the commutator group C, which 
is also abelian, 206 «cts them in the form 


b, a fifa i b, Varta n (6) 
where | | 
А, у= 5115219... p, dm 
1-50, m=) « @ 
det (рі ^)) = +1. 
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For every particular pair i, j, the m integers д), ... dm have по common factor. 
From (5) it is evident that 


Му (п, aj it =, a) ot < 


Е 61...68 А 
since a;1 ^! =c is an element of С. 


Now from (7) one gets 


AÉ = Ьу A 1915,9102 | p, 910m ny ы (8) 
80 that е 6191 is divisible by fı 

e199 ө fife ... (9) 

Eidam oe fifg---fm 


Since the q's have got no common factor, еу is divisible by f}. Let e,=/fe’,. 

Again by taking from the second term of the right hand side of (9), one sees 

„that the m —1 numbers 6/199, ... 6/14 are all divisible by fy. Во either @o,...dm 
have got a factor in common with fg or 6, is divisible by all the prime factors 
of fg. Iftisacommon prime factor of fe, 4q,---Gm, but not contained in fy, 
then there exists an element b such that b' —b, and b, bg,...b,, are a system of 
generators of C. For this system, the corresponding numbers 91, фә... дъ are 
divisible by t and that is impossible. Hence е'; is divisible by t, and therefore 
ву 7 f,6/, is divisible by every prime factor of fg. 

The same method can be applied to show that e, is divisible by every prime 
factor ofÍ,.Íg,...fa. Suppose it is proved for the prime factors of f;, |<. 
Then в14ь, £10z.1: 8105 are divisible by f}. Let u be а common prime factor 
of fy, 9*,...9 but not a factor of fifg...f,.1. Then there exist elements 
d,,..d,.,, such that d¥=b,;, j«k, and using dj, dg,...d,~1, b2,...0m ав a system 
of generators of C, one obtains a system of q’8, q,,...q,, which have и as a 
common factor, and by the method used in connection with mathematical 
induction above, one concludes: 

в у is divisible by every prime factor of fi. fg,-..fm and it is divisible by fy. 

It follows therefore thst every S-group with n generators can be represented 
in the form 

TA dl Fad Oe p, m, | 

with the relations (5) and (6) and commutators being represented by (7). The 
integers 6, 6g.-.6,, and fy, fg,-.-fm are invariants of the groups. Ifany e=0, 
then all the following e'sare equal to zero and correspondingly for the f's. The 
e’s and f’s are not independent, but are connected by the conditions given above. 
If in particular, р =0, i.e., if all the elements, different from the unit element 
of the commutator group, are of infinite order, then e, —0, and the group is a free 
8-group , 

In conclusion, I express my thanks to Prof, Е. W. Levi, of Calcutta 


University, for his kind guidance and assistance throughout the paper. 
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‚ A MATRIX-THEORY OF SCREWS IN HYPERSPACE ` 
И b P . Ву 
| М. М. Grose . . 
(Heceived August 24, 1943) 


In a recent paper (Ghosh, 1940) it has been shown that в system. of forces 
acting on a ‘rigid’ body in a Euclidean n-space referred to a given set of 
mutually orthogonal axes can be represented by means of the general skew- 
symmetric matrix 


| { po . Р+О, ... (1) 
i ‘ *+1 ` 
where + . Pe Perle) | . ... (2) 
= 
corresponds to.the resultant forve acting at the origin and 
. 9+1 бо i 
р Q = E обеды ‚), > ... (8) 


ТИИ to the resultant couple of the MEE type, e's in the above 
denoting matrix unite, . - 
| Further, with regard to the instantaneous inclus of a rigid body it has been 


dowi that the velocity X at a point X at time iig каргаша by means of the 
matrix | - Е & 


1 


| ЭС + ў=ң+ох-хО ` : a (4) 





of type (2), where Н corresponds to the velocity of translation and ОХ-ХО 
to ‘rotation ' about the origin, О being represented by (8)-as a function of t. 

‚ The object of this paper is to discuss the canonical forms to which (1) and 
(4) can be reduced. In a space of odd dimension both the reductions are asso- 
ciated with the corresponding generalized notion of а screw.* For a space of 
even dimension, on the other hand, no reduction to а screw motion is in general 
possible with regard to (4), but with respect to (1) the canonical reduction may 
be of the screw type having certain peculiarities. For instance, in & four-space 
ailinear three-dimensional space may‘ be assigned such that outside it the 
canonical form of (1) is not of thé screw type, but inside, at a point, the cano- 
nical form involves the notion of a screw. 

The application of matrices to the theory of screws in hyperspaco is believed 
to be new. An idea of using matrix notation to represent a screw in statics for 
ordinary space, is, however, contained in a paper by Hudson (1903). Hitting 
upon the representation of a force- -system similar to the matrix (1 ) and taking 
into consideration its reciprocal and other combinations of type (1) he obtained 
some Properties relating to a three-dimensional space. The possibility of 
expending the notation to hyperspace was obviously not in view. 





г * The term ‘screw’ ів used in this paper ina general sense, having either а atatical or а 
ud significance, | S 
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Some general discussions on the theory of screws in hyperspace are to be 
found in в paper by Joly (1898) in connection with his development of an 
Algebra based on the Clifford’s units 11, ig,...i, satisfying the equations 
12=—1,1,1,+11,=0. With regard to the canonical representation of a screw in 
Dynamics his discussions are more limited than those in statics. The remark 
‘Nor do I see how to obtain an expression analogous to the pitch of a wrench’ is 
significant of some incompleteness in his theory. 

Isolated problems on the theory of screws in hyperspace have, however, been 
tackled by few more authors using convenient analysis. Based on a determi- 
nantal method Eieslend (1904) analysed the most general infinitesimal motion 
in a space of n-dimension and (for п odd) arrived at the notion of an n-dimensional 


‘ noe ; ; n-—1 г 
screw motion ‘consisting of а translation along an axis and — rotations.’ 


Woinarosky (1985) considered the problem of compounding together two instan- 
taneous rigid motions in a space of n (even) dimension represented by means of 
bivectors and obtained the relation between the respective centres of rotation. 


The matrix method adopted in this paper is comprehensive enough for a 
systematic treatment of all such problems. It will be noticed that the above- 
mentioned * difficulty ' experienced by Joly is removed in this exposition. Before 
taking up the general analysis, it will be of some interest to study cases for a 
few particular values of n in the light of the general process. The notations 
and resulis of my previous paper will be freely used in this connection. 


2. Casel: n=2. 
The matrix (1) is now of the simple form 
ro -Pi "Ра 
Pı 0 ву |, ... (5) 
Dg —915 0 


which represents в force P and а couple О in the plane, determined by the pair 
of mutually orthogonal unit vectors єз —6,9 and 08; — 618. 
Introducing а veotor represented by 


Aca (691-612) +03(031— 613) 
orthogonal to P we can express (1 in (5) in the form 
| ()- AP—PA. 
Thus when n=2, the required canonical form of (1) is 
Р+АР- РА, ve (6) 


which represents в force P acting at the point A, 
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To determine the components of À we have the equations 


41); + 4gPg=0- . 

(7) 
А р: + 09р =019 

eorresponding to the dynamioal equation (4), le& us change the base point fo Y, 

the new equation then appears in the form 


X-H40(X-Y)-(X-Y)O, ... (8) 
where — H=H+0Y-yo, | aw 


when n=2, for a canonical reduction we choose Y in (8) such that the velocity 
of translation 


Н=0. 
This gives the equations 


hy +01 эуз=0 
: (10) 
haw ур =0 
to determine Y, the centre of instantaneous rotation, 

8. Case 2: n=B. 


We first observe that the matrix Q-in (1) with elements (оу, wig: wag) 
may be expressed in any of the forms 


fiuc M,M5—-M,M, = МеМа-ММ, _ _ M,Mgj—M,M с 


019 93 918 
where My =612(631—613) + 91300641 — 614), 
Mgz —o19(621—619) + 093 (641—614), is (11) 


| Mg = —ois(eg1—012) — »23(051— 613); | 
The above vectors are associated with the couple © and are connected by the 


equation 
My93=M 93 +Mgws1 +Mgw,,=0. 505 (19) 


It may be noted that the vector : 
o9s(£o1—919) —ш13(931 — 613) + e12(641— 614) 
is orthogonal to the set (11) and represents the azis of the couple. For а cano- 


nical reduotion' bo the screw type we write (1) in the form 


Р+АР-РА+Й | р | =o, .... (18) 


h oo 
eae = G-AP+PA ... (4) 


and choose А such that P is orthogonal to the plene of the couple 0. 
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To determine A we have then the equations LE 

е: Pavia + P3913 0, 

P1019— 039330, ... (15) 


аур, чара +азрь=0, 
Where An 
" 0,5770, 01D; —p,0j. 
For в canonical reduction of (4) to the screw type we take (8) and choose 


the base point Y such that His orthogonal to the plane of the ou Q. 
When 1-58, this gives the equations . e 


hy +oi9¥a toras _ В+ ogsya — ois — Ps oig 1— 9233 P (10) 
9023 931 919 








which shows that the components of Y generate а line, the so-called central axis. 


‚ 4. Case 8: n4. 


Associated with Q we have now the set of 4 vectors 
My =019(¢31 —613) t o1s(641 — 614) +914 (651-615), 
Mg= —o1o(021 — 613) + oss(041 — 014) + 0g4(651 — 615), 
М; = — 18 (691 — 613) — ugs(651 бүз) + ов4(651— 15), 
M, = 14691 -612) –оза(681 618) og 4(64, —614). - 


If (i, ў, К, 1) denote the sequence (1, 2, 8, 4) in some order, № may be shown 
that a is expressible in the form 


M,M,-M,M 
О = „_Мм,м,-мум,, эы mE nuum ernen 4:0, ... (18) 


0,j Б 
where ЕЕ, ру T o, 101 | 
It must be noted that if О be of rank 2, о, ;,; =0 and (18) еч to 
Q =—M.M,-M,M, M, | ик (19) 
Wry - ` 


the component couple in the co-ordinate plane having vanished. 
For a canonical reduction of (1) let us consider the matrix (18). We observe 


that (lis of rank 2 and expressible in the form (19) if its components satisfy, the 
equation PES 


41334 —0 
or, ` 61234 а Раза а9рузұ + азР124—@4Р10з=0, .. (20) 


where Piik Pios HP Ore Potjes 7 ' 
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Thus for some point А. on the linear subspace given by (20), P may be chosen 
orthogonal to the plane of the couple Q, resulting into a screw. 

For all points A not satisfying (20), the canonical reduction of (1) is equi- 
valent to a force P acting at the point combined with a pair of couples represented 
in (18). By applying (6) this again is equivalent to a pair of forces acting ht iwo 
definite points. 


Next, for the dynamical equation (8) we observe that the linear velocity H- 
varies with Y, while Q remains invariable. ` For n=4, no screw motion is 
therefore possible. We may, however, choose Y such that 


H=0. 
Thus the canonical reduction of (4) is a ‘rotation’ about в definite point com- 
pounded from a pair of simple angular velocities. 
We may note here generally that the expression 
| as 
ә 
m MEE 


represents either the square of the moment of the couple or the square of the 
magnitude of the angular velocity according as О occurs in (1) or (4). 


5. Let us now proceed to the general resolution of Q in (8). А typical 
vector associated with Q may be denoted by 


i 


"t1 i 
M, = Ж winien e). ... (92) 


Choosing any three of them we can form, by linear combination, the set of vectors 


n+] 
М, j2=Mjo,,+Myo,,+Mio,;= З ија (еа = 61а), .. (28) 
He 


where о;у ,,,-; denotes the Pfaffian o, jw,,, 1 —0;40,, 1 0,,,10;, Of order 4. 


It may be verified that connecting (22) and (28) there exists the relation 
М.о, уь: Муоз уь 2 М, jo; ; Ma p51 Мао, М, tros ... (24) 
whence a particular M, оѓ уре (22) can be expressed linearly in terms of three 
suitably-chosen vectors of the set (28). 
Generally, with (27+ 1) vectors of the set (22) we can form the set 
M _=M +M 


1919147715,4]1] Tusc 


+М 


11/9779)841 139 1glg7tt1g,4] 


tees tidie e @5) 


where the w’s are Pfaffians of order 2r. The above admits of being written in 
the compact form of в matrix : 


n+l 
Mi pagg uu Agr tentaret 1-61), e (26) 


where the elements are Pfeffians of order 2r 4-2. 
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Performing now the operation M,M,—M,M, involving a pair of vectors of 
the set (22) we get 


M,M;-MjM, ов, e QN 
шуу 
where n+l 
Q= x Oy уза -lv — = (e,,—e6, ils i38 ө, (28) 
43022 01, 


A similar combination of a pair of vectors of the set (23) yields the result 


M, ,,M, ,, - Mi jM, je -(Q 0-99, .. (29) 
Oe FOE GEL 
where 241 А 
009) = 5 Oi [Е1,4—1,{—1 (e,,—9,.) vd (80) 
5082 шуут 


Ву means of an identity due to Brill (1902), it can be shown generally that 


Моо M,,, ta ] 
[ líg'"ígr-gigr—i +12 "!ar-9'2r = oven 








-O™, .. (81) 
tig tere?! te" tg, = 
where 
nrl Üijigt'ig,»:—D1,t71 
0—+0= у а et ... (82) 
$3689 “рута... 


the symbol [MN] in the above denoting the combination MN —NM. 
Let О be of rank 2r, then QC**? wil] vanish and we have 


О= (Q-Q) + (Qo —QG) +... (QCD —Qv0) +Q, 
Thus the generalized matrix Q of rank 2r is expressible * as а sum of r simple 
matrices of the type MN—NM. 
6. We next consider the matrix Q in (14). It may be proved by induction 
that the Pfaffians connected with О are all linear functions of the components 


of A. Denoting a Pfaffian of order 2r by o, Ltatttto, We gel, in fact, 


Offa tap Pa grita, FOI Prot gir ЛАГ ЛАГ 
- ad 8 
Gig Pitot igr- (83) 
where - 
күрөө Bop Pky Olgtg р Різ gi rri, pr Toe 
Ро, Pt] tat lagro (34) 
It шау be noted that (84) is equivalent to the expression 
Рува, Рьуов уго, РЕ EQPL yt y pci Әзра 
(85) 


кылыт Ыы 
where the suffixes can be cyclically interchanged. 


* This js в fuller treatment than what was given in my previous paper. 
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Further, the quantities p, 2,. satisfy the following identity which can 


UE, Aa 
be immediately verified. | 


И О р 50 one (86) 


By means of the above relations the required proof will follow easily. 


Observing that (25) is analogous to (84) in form, an equivalent expression 
for (25) may also be obtained by means of (85). 


7. Let us now turn to the equation (18) to deal with the general case. We 
observe that for a screw the force P will be orthogonal to the planes of the couple 
Q if 

ОР-РО=0. .. (87) 


When n is even a necessary condition ;9...,=0, which is linear in a's, is involved 
in the above. 


Writing (37) in the form 
ОР-РО+Р(АР-РА)—-(АР-РА)Р=0 
and applying the product formula for matrices of type P, we get 


ОР-РО+ [p ]4- |> 2-0. 
Bemembering | Г | =0, the above gives 


1 








A=- 5 (QP — P9). : .. (88) 
(2) 
The matrix (lis now of the form 
Q4 5 (OP? + P20) .. (89) 
[2] 
in which a typical element may be written | 
1 * 
ТР | P 2 Рарз .. (40) 
| Р 


Henoe the square of the moment of the couple ©, as defined in (21), is given by 
1 bd А 
pu c fa, (41) 
P 5 
By means of the identical relation 


РР” Р.Р) Рурк РЕР; =O 
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noted in (86), the above may be reduced to the form 
ГД X cii 2 
Tut, (42) 
Xp 
re] 
where, indicated that the summation extends over all combinations (ijk) of 


the numbers 1, 2,...n. 
For.the axis of the screw we have the equation 


S=A4 zP, ... (43) 
where 2 ів a scalar variable. 
It may be noted that the typical form of a screw at a point A is given by 


P+AP-PA+Q, e (44) 
where ^ .  QP-PQ=0, HE ^o 5 


Let us now proceed to determine the serew compounded from two given screws 
of the above type at points А’ ара А”. Let P’, (y correspond to the former and 
Р”, OF to the latter. If now (44) represents the screw compounded from the 
above we have by applying (88) 


— | Ө | A qqr| orer-pror«orp -Р + | F |» + | |> | : 


A^ 

P 

P P рү [P 

Че eee nl] (Ee = 
where q’s arbitrary scalars so that MEN 
Р=@!Р!+4#Р?, 
The locus of the axes represented by 

8=А+2(4 Р! + q^ Pr) - v. (47) 


ів the analogue of the cylindroid. 

If D denote the shortest vector between the given screws, the origin may 
be chosen on this line and the expression for A, given in (46), is much simplified. 
16 is easy to see that the vector represented by 0/P”— PI + O/P!— P'O" ів also 
orthogonal to P’ and Р”. The point A thus lies in the plane of D and this vector, 
that is, a plane which is completely orthogonal to the plane of P! and Ри. 

An ordinary analytical method of studying the above in a 8-dimensional 
space is given in а paper by Srinivasiengar (1042). It may be noted that p,,, 
corresponding to the compounded screw is given by the expression 


4!®р!, set 42р", у + 914" [Bop co” e+ op" o! у, — Xo(p' p! , — p" p! ;)(a , —a^,)], 

(48) 
where Хо indicates that the summation is to be performed cyclically over the 
indices i, j, k. S 
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8. Fors canonical reduction of.(4) to the screw type we consider the 


equation (8) and take n to be an odd integer. We observe that H в orthogonal] 
to the planes of Q if 


| 0H-Hn«0 | 
or А OH -HO+0®Y+ Y03—0, ... (49) 
whence У is to be obtained. 


Let the characteristic equation satisfied by Q be written in the form 
f(0).0? =O, ... (50) 
where f(Q) ів а rational integral function of О. Then evidently 


-Y =H- Hf(Q) .. (61) 
is a solution of (49). 


Corresponding to it, H has the value 


H-0f(0)H — EQN. .. (59) 


Generally for all points on the line 8=Ү +29, where Y is given by (51), the 
condition for а screw motion is satisfied. 
Let ui denote the elementary matrix 

241 

е; a? 

59 
then the square of the magnitude of the translational velocity H is given by the 
matrix of type 611: 


H u, H, 
which by means of (52) reduces * to 5 1 


ны, -/(0)0)H. ... (58) 


It may be noted that the typical form of a screw corresponding to (4) may 
be expressed as 


~ XzaH4Q0(X-Y)-(X- YQ, ... (54) 
where OH-Ho=0, [5] = 


which is analogous to (44). 

When we proceed to form the screw compounded from a pair of screws of 
the type (54); it appears that the equation corresponding to (46) is more -compli- 
cated and the usual analogy which persists in 8-dimensional space does not hold 
good generally. li 


* This supplies ‘an expression analogous to pitch of a wrench ' sought by Joly, loc. oit., 
р. 118. А 
9—1468P—4 
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If т is even and О undegenerate аз a.canonical reduction of (4) we have to 


сроове H — 0 in (8. This gives the equation 
H40Y-YO-0 ... (55) 


to determine Y. Thus the general infinitesimal motion consists of rotations 
about a fixed point m /2 planes, deflued by the component couples of Q. 

9. We conclude this paper by generalizing what is called the ‘virtual 
coefficient ' of a pair of screws (Ball, 1900). | 

Let the general infinitesimal displacement at X of & rigid body be represented 
by the screw of type (54): 


$X-8H-8A(X-Y)-(X-Y)MA,  ' ... (56) 
where ` BA.BH —8H.8A 0, | „© | о 
where à е 


&nd the force-system by means of the screw of type (44): 


Р+АР-РА+О, ... (57) 
Where ОР-РО=0б, È | =0. 


First we observe that the work done by a force P act/ng at A due to the 
displacement 8А is given by 


—Pu,8A4, 
which by means of (56) becomes 
— Pu48H.— P.8A. (A — Y) ... (58) 


Combining this with the work done by a force —Р at B due to the displacement 
ôB at the point we get the work done by the couple (A — B)P — P(A — B) in the 
form | 

*  (A—B).8A.P. ... (59) 


By evaluating the matrix products involved in the above, it foliows that the work 
done by any couple Г may be expressed in the symmetrical form 
x я а . 
"t $ д), i<j, ... (60) 
where 2A, , and у, , are the corresponding elements of SA and Г. The expression 
(60) at once apples to a system of couples and hence the work done by the 
generalized coup!e О in (57) is represented by 


^ 


- я . * . 
ёз, 3 9m; 1<] .:. (61) 


The tota! work done by the force-system (57) is therefore obtsined as the 
sum of (58) and (61), | 
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Now the product, — P.8A.(A — Y) in (58) is equivalent to 

D.8A.P, 

where D denotes the shortest vector between the pair of screws expressed 88 
А-—У-+еР-+УбН, 

х, y being scalars. 

Hence, introducing the couple 


Г=рр-Рр, 


with elements y, ;, (68) may be written in the form 


P ы а 
+ B 
[js |o rb s (un C 


The total quantity of work is, therefore, 


P Ч | ave 
[in | uu SAN ыы SS E 


which is the required generalized expression for the ‘ virtual coefficient.’ 
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А NOTE ON SONINE'S POLYNOMIALS * (П) 
| Ву 
К. Basu | 
(Communicated by the Seoretary— Received September 25, 1943) 
I 


Binos Ре (01 аЬ ТЕТЕ рана (к=) 
а-у” 1- 9 "EU (ж 


„з ark) gk $ f" Tütn)g 4" Tnm) 
"EE TQ) Ажаб) Xr TO) РЕТ тру Pa e» 





$ < t" Т(А+п)Г(и+т)п m 
"m mao niml DAT (py) В лб! DS, (5). 





If n+m=k we get equating coefficients of t? from both sides: 

k 

k T'Q 4 p) kt ГО +) (и к-т)? 

8 а) = A в 8, . . 
л а) рту) X карз ы ЕТШ ы. Te. (D 
Whence, for 24 —39—3: 


k ` . 
k Е|Г(А-+ p) POE А =r 
"ea OGIO HTB уу тї Ак O е 03 


Also, for 2; =o+y, 24 £2— y (c a 


k = Ги) ІҲА+ т) (акк -т) от к-т 
Bi + и) = А улс. (z—y). (1.8) 


If, further X=y=v, and tsm 


k _ kIT (2v) Аа у E толат 
82,09 = тотгор) „ло Aaen AS, €. =. (04 
tI. 
Since Sz ВАА) satisfies [See 1] 
" ort OH LX р В enuB- 0, 





ma (во) оао. (А) BO үш, 


* Tt is а continuation of é previous paper (1943), which will be referred to as I, 
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А 
$1 А. ЛА-9). | х СРЕ 
where бет mt ug 45 get by putting Va (2) =e a 8, (2) 
азу) 
А _1 i QUE =2) H 
TE | 1 «(ARAS ID б 
апд, о a=),? gives 
би По: 
1 TELA = (A—2) n = 
Hos [нм se s аш 
h ФА А 
where vy XA (nae (Ат) БИ Ait) = у say. 
x n Аат À n 
Similarly, руз fy 3 178 (Agr) satisfies 
„2 
dèy _ 1, A \Ag_AA—2)) y | 
dr + phat (n+ >) 4nd jid s A 


Multiply (2.1), (2.2) by W, у respectively, subtract the resulis, and get on 
integrating between 0 and с: 


vite Hl = FE (usna) war 
‚2/т-: 
Since the integrated part vanishes it both limits, we have (unless Ay= Aq): 


2, +) (n ЭЕ Ll] #01 +ла) ^g (А7) S Osr)dr0 ; 


0 
which means f^ 








EX 


ид) gr бз 


. А 
й _ ntà f А-1 —4#(Ay + Ag)rgfi,, ^ Aa | | 
“ae” в 1+Ag) 8) (17) В; (А). ... (2.8) 
ME s IH | 
exp.(—A,rt/1—t) __ 3 t" TAt+n) an -> i 
Now к =з at POR 5 S Arr) ((#|<1)  .. (81) 
ехр.(—Лотз/1—8) $ s" (Am) ant Lu 
а-ы = mi Ta A Qu е e us 8.0) 


Multiply both sides of (3.1) by өхр.(— Ат), and those of (3.2) by exp.(— Лат), 
then multiply together the results of each side, and introducing finally a factor 


DM integrate between 0 and e, We derive (for n=) : 


у E "m 1 AS i T Spr + Agr = FSA NSt (дыл) 





1 FAI 
=—— .-Ат, -— . (8.8 
[1-3(1-9]* [ БЕТ do 
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where A =H +) [18300-0 and @=(A,—Ag)/(Ay +), (Ay > A9). 


The righthand member of (8.8) gives after integration 
r . = 
—P аавв]. | 
{4 +Ag)} 


Using multinomial theorem we get the general term of [ ]-^ as 


oye TO) $ = 
3330 roger, m 69^ (Có) (-:9*, (=B) .. (84) 
To find the coefficients of (ís)" in this summation we make B-y, во that 
B+s=y+8=n. Hence r-928--8, and B»n—8; or, т'=9п—8, and '+ү+ё 
=r+6+6=8n—8. Hence (8.4) takes the form: 


Se 8,8n—-28  Г(А+2п—%®) я 
520! "28 Twine OT (ts)*. s (8.5) 


Hence (8.8) gives, on equating coefficients of (is) : 
/ P= lexp.(- $0, лов ов” (А) 
0 


_§ тт) 2. 1 2 п-т IYA+2n—7) „9п—92т 

= L—— —ÀdX д .... (8.0) 
Г{ +) {40% +) т=0 rl(n—7)1!(n—7)! 

In particular, for Ay «Ag —1: 


e 
À—1,—r gi лат _ PI[DPQ)I? . 
li P7 lo Siege dr "О; [See 1, (1.8)] 
because, in this case 00) (ог, the-result does not involve 6), which means, 
т= the single value n. . 
Result (2.8) gives at once: 
ez со 


| r'exp.( Ал A9))8 (А ВАА т) 





a ^ — = = 
= Qn+r ij п Го) | Dom qutt T'(A--2n—7) gan—2r (8.7) 
80443, * Я Г(н+А) т=0 7l(n—-7)1(n—7)! 
In particular, for А, =Аз=1 (n=7 only) we derive: | 
© 
р А тат, ст (Qn Xn 1[D0)]? 
f КОКО - ченге . [Bee I] 
Proceeding in ап analogous manner we may derive: 
® . 
окр CQ + лу ВА 04087 Oar ar {mn} 
0 
__ тив [Го] 1 таит, 1) уйт TA+n+m-—7) gh * mr 


ГА) +т) {цу + 720 21—71 р 
ve (88) 
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ТУ 


We have established in I the following general type of integral: 


[Po 0 emus (2А g8)da {р+1:> А> д} 
- $ 
ds 5 И оо D) ymtnty e * Y n Im YA) Ҳи) 
`В=0у=0 8-0 (Ay tA TAn Ги m) 


р+1-А мын с 41 
oe т-у Bly 18! | i» SED 


Putting 8-827, y 8б=т'/, 8—v, the right-hand member can be rewritten as 





m тіп(т, т) 
Loud d "m J (Lym tat ge ert 20 n Im IT Q)T(g) 


т=0т!=0 v=0 (Ау * Ag)" * 1T. 4 п) (д + m) 


ла, ыш се 


п-т т— т! у) у)" 


Similarly, we can derive the following: 











/ 287 01 он) as) (o р+1> и} 

0 
е тт) тва n Im ГГ) 
В=0у=0 5=0 - (Ау + Аг)” DTA +) (a m) 

«(915 ett net Г(р+1+8+у+8 
m—y-8/ (6—0—8)1Г(А—р—1) 817161 

zd m minen) mener g+- пт IDOJF (a) 

za esty. nest) (Ay * Ag)? 3A n)L (a + m) 





+1- —5— - т+т!— 
«(7 pee p-i*n-r)I(ptlcrkr-v9) (4.2) 


тт! п-т) Е а) lv! 
A corresponding integral for А > р> р+ 1 can be evaluated. 
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ON A PROBLEM IN HEAT CONDUCTION IN A SPHERE ` 


Bv "e 
М. В. беч . 
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Recent investigations of stellar models include the case of a gas sphere of 
which the central core is in igothermal condition, and there is generation of 
energy within. a very thin shell just surrounding the core. The energy generated 
then flows through an external atmosphere by means of radiation; the tempera- 
ture falls- outwards and vanishes along with the density at the surface. It is 
found that for the known (radiative) law of energy transmission and a steady 
ŝtate of configuration, given the. total mass and the temperature of the core, as the 
ratio æ of the radius of the core tp the total radius of the gas sphere R increases, 
the radius R decreases, and attains a minimum for 20.15. For 2>0.15, В 
increases again, but for equilibriam configurations z itself has a maximum for 
z —0.16—0.17. ` Similarly, the ratio of the mass of ‘the core to the total mass 
of the sphere has also а maximum beyond which no equilibrium configurations 
are possible (Henrich and Chandrasekhar, 1941). 

We note that when energy is- generated on the surface of the isothermal 
core, and’ flows outwards through the. radiative’ atmosphere of a gas sphere of 
given total mass, for variations in the sizè of the core the given gas mass has а 
minimum radius. The complicated law of transmission of energy in а gas mass 
within which both temperature and density vary makes -this minimum property 
somewhat difficult to comprehend. We construct in this paper an analogous 
solid model of a (heat)-conducting sphere which shows a similar minimum 
property. The -sphere is supposed to have an isothermal core just on the surface 
of which within a very thin'shell heat energy is continuously being generated, 
say through some chemital action. This heat flows through the body of the 
sphere outside the core. . Moreover the sphere is ina steady thermal state with 
either its surface kept at a constant temperature (say zero temperature), or 
its surface at constant temperature radiating heat outside. There is one 
difference between the gas and the solid sphere. The gas sphere is supposed 
. to have a given mass but a variable core and radius, The mass of asolid sphere 
of given density is simply given by ite radius, and go its mass will also vary with 
its radius. We shall show that if the conductivity outside the isothermal core 
varies according to some simple law, for varying relative size of the core, the 
radius of the solid sphere hasa minimum value, "This simple case will help 
us to geb an insight into the more. ге complicated problema; 

8—1468P—4 — 
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‚ 1 К be the thermal conductivity, and v the temperature, the equation of 
steady thermal state in а sphere is 


| 1 (ка ue i) 0. | 227 
dr dr 
Let us assume the conductivity is given by the inverse power law 
_К 
Kz S wi (2) 


Since there is an isothermal core the failure of this law at the centre need not 
disturb us. 


From (1) we have do ' Е 
Kr? — =—C, ... (8) 
dr Й 
Tf the heat generated per unit of time be Q we must have 
dv Q 
=- 2 — =% 
C (x 2 & .. (8a) 


where а ів the radius of -the core. 

(а) Suppose the surface of the sphere r=R is kept at zero temperature. 
Integrating (B) from r=R, the surface of the sphere where v=0, to r=a ме 
obtain say for n > 1 Ў Е 

a Я 
SQ [8 (neige 
ат n К ^ 4s(n—Uk, o EE oe 
Putting т = zR, and a= z,R, we have since v, = v, = temperature of the 
isothermal! core 


= Е" — —1 
= ау te) e (8) 
Thus 
4n(n—1)k 
— ? 21-227 xl. 


For given Q we must have 


(6) 


Now if Да be the thickness of the shell'within which heat is generated, 
we write 


В*-! zr. . 


© = 4ra?eo Aa, ... (7) 
во being the heat generated per unit volume per unit time. We assume 6040 =e, 


the heat generated ultimately per unit area of the surface of ша core per unit 
of time to be constant. Then we have from (5) and (7) 


nl — (n —1)kov, 1 
R ene es, с 2901-2971) . | ... (8) 
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Now ав x, increases from 0 to 1, secas t) has а maximum for a value 


T [e NE (®) 


and R will then have its minimum value. Thus as the relative size of the core 
increases from a small value, the radius of the solid sphere decreases up to a 
minimum value, after which the radius increases again as the relative sise of 
the core increases further. In particular, if n=2, the sphere will have its 
minimum size when the radius of the core is 3 of the radius of the sphere; for 
n=8, the minimum size occurs when the core radius is about 71 p.o. of the 
total radius. 

(b) Let us suppose there is radiation from the surface of the sphere which 
is in a steady state thermally. Then we have as the outer boundary condition 


dv | 
KE ehe) ‚ = 0. .. (10) 
( dr TER 
We.have now TUR Q в dr - 9) 
ш drj Kr? ° m 
Assuming the law of conductivity (2) we баш 
| Em = Q n=l paml 
9—98= bic . (K PR. ‚.. (12) 


The surface condition (10) gives 


e ... (10a) 





From (12) and (10a), putting a=a2,R, and Q=4ra?e as before, we obtain 


_ (n- 1 «2—2 
Rati = TL ipae) .. (18) 
where g? = м, А .. (14) 


The constant «? means the ratio of heat radiated per unit area per unit time 
from a spherical boundary at temperature v,, and the amount of heat generated 
per unit area per unit time at the surface of the core. Two cases arise according 
вв х3 is greater than, or less than unity. An examination of the function on the 
. right hand side of (18) shows that if «? >1, then for 0 < =, « 1, this function has 
а minimum for a value of æ, in this interval given by the pone roob less than 
unity of the ке (зву n an integer > 1) 
^ (n—1)z"*1— (n -- 1)o32" 71 + 203 —0, | 

lf on the otherhand «?<1, the physically admissible values of æ, are 
0< za Ta, and in this interval the function is monotone decreasing and has no 
minimum. 

We thus conclude that if the rate ot heat generation on the surface of the 
isothermal core be slower than the rate of radiation from such a surface (if placed 
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in free space), then for variation of the relative size of the isothermal core the 
rpdius of the sphere has a minimum. In particular if n=2, the radius of the 
sphere will be minimum when the-relative size of the isothermal core is given 
by that positive root of the equation 

23 —8o?z-r 208 =0 
which is less then 1. 

If on the other hand the rate of heat generation on the surface of the 
isothermal core is more rapid than the rate of radiation from such a free surface, 
the radius of the solid sphere will steadily decrease as the relative size of the 
isothermal core increases; the relative size of the core cannot then increase 
beyond & limit given by 2,=a« when, however, the radius of the whole sphere 
shrinks to zero. ^ | | 
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NOTE ON THE UNIQUENESS OF SOLUTION OF PROBLEMS 
OF THIN PLATES BENT BY NORMAL PRESSURES 


By 
BrsHUTIBHUSAN SEN 
(Received November 17, 1048) 


1. Introduction 


If the axes of z and y betaken at right angles in the undistorted middle 
surface of a thin plate, the normal displacement w of the plate subjected to 
' transverse loading of intensity ф(=, у) satisfies the differential equation 


mora чё yt = ЫЛ = f(a, y) а И .. (1.1) 


a+ Bp 84 


where vim -— +2 +-=—› and D is the flexural rigidity. 
823845 ӧу* 


5 LITE 
Using the notations of Love (1927), we obtain the edge conditions as 


w=0, be = 0, at a clamped edge, 


w=0, G=0, at a supported edge, у ... (1.3) 


Gz0,N- a =0, at а free a 


where ds is an element of the bounding curve of the edge, dv an element of 
. outward drawn normal at any point оп ‘it, and N, G, Н, the line intensities at 
the edge, of the shear force, the bending couple and the twisting couple, 
° respectively. 

Since the differential equation (1.1) and the various edge conditions expressed 
in terms of w are obtained by certain processes of approximation, the investigation 
about the uniqueness of solution of (1.1) subject to different edge condition is 
not without interest. In a previous paper on the subject (Sen, 1988), the 
expressions for G and H in terms of ds and dv as given by Love (loc. cit. (20), 
p. 465) were assumed. Recently Stevenson (1048) has pointed out certain inaccu- 
racies in these expressions. The object of this note is to re-examine the problem 
with corrected edge conditions. 


If с be the Poisson’s ratio and l, т (совб, sinô) be the direction cosines 
of the outward drawn normal v, we have as in Love. 


























n д=ду 
T 254 (1—0)(12 939 + ms 930 9 ?w 
Dl ov w+ (1 a(t Эз t" $a + 21m 020), 2. (18) 
m Ө?ш _ O?w Ә?ш 
H=D(i—c)| 1 = 3.52 
( ое $5 Pp + ma) 820—1, 
ә _ Ө o? 
N= -D 3. V" where ҳу? = 8 stay 
By-means of the formulae 
8 2,8 4, 8,91 __ „90 Әт. | 99 
5. pi On 0. "9 5e me | 
(1.4) 
Ө ы [8 im 5 at ond ў Om _ 186 
8v x ду v у у у 
wo find 
03w Әд? Ә 3:0 
> 2 ыы 
1 LES tm ay +2lm 5297 
_{; 8 ð Өш Өш Əl ðw ƏmƏw 
=(1— +m — || l= Uem AIR ЖЕЕ ДЫ ЫЛЫЫ 
( Әх m ©-_)( Oa +m 9%) 8v Өг Ov Oy 
. 8? -(18° us 9“) 90 _ 0?» aw 86 
ov? ду Эх / Ov ду? Әг Ov’ 
92 Ә 20 83v 
d 1 ао 2. из 
an »( 8 yi 853 jt m?) TY 





_{, 8 8 X дь 8ч) 91 9% _Этдш _ әз» а. 

= 2—+ т =~ 15 mS) eS P i = ш 99 
( az’ "Әу By "=" 8vOy | Ov Of dvBs Əv 5, 
Using the above results in (1.3), we have from (1.2) the edge conditions as 


дш 
w=0, Ө; ue ata clamped edge, ... (1.5) 





3 
w=0, ry?w+ (1—0) ( 9 = _ Sw д8 )=0, at a supported edge, (1.6) 


2 
губ 0-0) ( $55 — о 2^ Je 
v 
at a free edge. (1.7) 





B us 2a B (ðw * 90 80 \.., 
g,V vr o) & ( + $2 8° )=о. 
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2(a) Clamped Edge 


We shall assume that w and its derivatives up to the fourth order are 
continuous and one-valued in the simply connected plane region О bounded by 
the closed curve s of the edge. If U and V be two functions having sufficient 
differentiability, we have from Green's theorem applied to the same region ` 


"i | vv?v - vov |40 -f[[v3* -у90 в 2 (2) 
Q 3 
Putting У е 3720 in the above identity we find 
Sf [ото - (узо Jan - [18 0- er 20 Jay m 


If possible, let шу and wg be two solutions of the equation (1.1) which 
.88tisfy the boundary condition (1.5). Then О =, —1wg will satisfy the equation 


v+U=0 throughout the region and the conditions u=g* —0 on the boundary. 
v 


Hence from (2.2) we get v?U=0 throughout the region. Again from Green's 
theorem we have 


OU, gga 8U, ас „ӨЧ 90а 
ов - [Голон + [f [ BE: 805 «Er вро Jan, ав 
whence on putting Hic et we get 

2 2 
gU, _ А em) (82) | 
|газ] шеше ff (5 +(55 |40... @4 


Since 0-80 =0 on the boundary and yv?U=0 everywhere, we have from 
v 





the above j 
EC =0, or U=constant throughout the region. 
а 


But U=0 on the boundary. Hence it ів zero everywhere inside it, that is, 
^ Ш] = 09 at every point of the plate. 


2(b) Supported and free Edge 


Whatever may be the boundary conditions, we find from the results (1.5), 
(1.6) and (1.7) that the relation 


д zu) 9 [Os „8% 00 
Лё, v neu Өз ($5. T 8v 8v је 


Әз» Ow Әв \] Эш 
- f [*»*a-o( Ov? 9s 8v )]8° а= 


is indentically satisfied. 


- 
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This identity can be rearranged as 


А (1— zafe S (vw) avc] [о 2, => (v*w)- vul д 2 Jas 
о/о 808305) Se Be] 28 


| 9 (дю өө \, dw 99 0v Jys 
*H if [o (85 Ov )+3 8v ar. @=0. | 


The left hand side of the above identity contains four integrals which we shall 
consider separately? Putting w for О; and ую for U, in (2.8) we get the 
first integral ` 





(1—о) | w 2 (v2w)de 


таар fev s aaf [05 брт pe бора ar 








Putting w for U in (2.2) we find the second integral 


of [ 2 (узш) Viw ae [ж] [wytw- ($73) 2140. En (2.7) 


r] 


On integrating by parts the first part of the third integral we got the whole 
integral as 3 3 2 2 
оо) [ 2% | - a-of (32 aw , Өз» ӨӘш\ 
. Ovds | 





Os 6 „Ӧз Ov? By 
The integrated portion of the above expression vanishes, when w=0 on the 
boundary as is the case if the edge is clamped or supported. Since, by hypo- 
thesia, w is a single valued function with continuous derivatives on the boundary, 
the integrated portion vanishes even when w is not zero, as the range of integra- 
tion extends over the whole circuit and hence the limite 1 and 2 coincide. Thus 
the third integral reduces to 


T a 8» [( a) (л 


This can be again put as 


S2 f e SY Gr yn 





since 8 


a 
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to the above result, we have the reduced third integral 


МЕ 
уу 


+ Эш 8y?w, дш yw i 
+98: “Өх Шү By dí) ... (2.8) 


If the first part of the fourth integral is integrated by parts, the whole integral 


reduces to 
| = aw 99 
1-99? 2] 


Let the bounding curve be given by the equation F(z, у)=0 where F(z, y) 
is & continuous and single-valued function of the co-ordinates having continuous 
derivatives on the doundary. Then we have at a point (2, y) on the boundary, 








6=tan-}(F,/F,) and we find that 9? will be finite and single valued if there 


be no singular points on the curve. Hence with the restriction imposed on the 
values of w mentioned above, we shall obtain for integration over the whole 
circuit of the boundary, the fourth integral, 


2 aw o6 Bw 86 Bw | 
(1 af [e 2 (2 1) +6 ere 90 |ae= 0. 1. (2.9) 


Since the sum of ‘the four integrals on the left hand side of (2.5) is zero, the 
sum of the right hand side expressions of (2.6), (2.7), (2.8) and (2.9)- will also 
be zero. Collecting all of them we get 


J wsz*wdt 


“fl ушу saso f( У «(298 Je (PY Jan, ало 


Now, if possible, let there be two solutions шу and w; which eatisfy the 
equation (1.1), Then W=w,—wg wil make v*W=0 everywhere. Whatever 
_ may be the boundary conditions, w, and 103 will satisfy the relation (2.10) 
and consequently W will satisfy the same. But as yv*W=0, we shall obtain 


J Де?» + ао С) С) (еа) | Jaos 0, 


which gives 





ay. ӘҮ | O03W  o?W 
У = EPI т 8 y? _ 828 








че 


everywhere. 
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In the case of supported edge W=0 on the boundary and since in. addition 
we get үу? =0 everywhere, we shall find, as in the case of a clamped plate, 
W 0 that is, £!, — wg at every point of the plate. 

. When the edge is free, W need not be zero on the boundary. In this case, 
we find from (2.11) that W (=w,—wg) may be а linear function of = and у 
which has the form of a rigid body displacement. 


4. Conclusion 


Supposing that а thin plate bent by norma] pressures is bounded by a 
continuous closed curve with no singularities, we get the following resulta. 
In the case of в plate with clamped or supported edge, there is only one value 
of the normal displacement w expressed as а single-valued continuous function 
having continuous derivatives up to the fourth ‘order, which satisfies the equation 
of equilibrium ав well ав the boundary conditions. In the case of a plate with 
free edge, two values of w satisfying the equation of equilibrium and the boundary 
conditions and subject to the same conditions of continuity and: differentiability 
as mentioned above, may differ by а linear function which represents a rigid 
body displacement, | 
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HIGHLY ABUNDANT NUMBERS š 
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8. 8, Pinrar 
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If the sum of the reciprocals of the rth powers of the divisors of a number 
is greater than that for any lower number, then the number may be called a 
highly abundant number of rth order. In other words, N is a highly abundant 
number of rth order, if | 
Tr (N) > в-, (№), 


o_,(N) = X 1/d*. 
{н 


According to this definition, а highly composite number of Ramanujan is 
a highly abundant number of order zero. In this paper, I confine my attention 
to the cases when rœ 1, and І use the name highly abundant number only 
when 7 2x 1. Hereafter N always denotes a highly abundant number, unless 
otherwise mentioned. Writing N in the form 


for all М << М, where 


992. 378. p^ P, 


Í prove UO! Gg £x Gg ZR eee Dip 

and that | "E ap=1, | 
for all highly abundant’ values of N, except 4 and 86 when r=1, and except 4 
when т > 2. In similarity with highly composite numbers, it is‘ proved that 
indices near the beginning form a strictly decreasing sequence and that, near 
the end, groups of equal indices occur, when N is large. When A is fairly small 


in comparison with p, then | 
ал log X e log p. 


Further, it is proved that, when ag is given, other indices.oan vary through only 
three values, апа the indices, except а finite number of those near the beginning, 
can be determined with an error, at most, of unity. But Iam not able to show 
that two successive highly abundant numbers are asymptotically equivalent. 

By comparing the tables for highly composite numbers and highly abundant 
numbers of the first order, we see many highly composite numbers which are 
not highly abundant numbers of the first order, of which 7560 is the first one. 
Further, as far as the tables go, we do not ind any highly abundant number 
of the first order which is not highly composite. Во, for a long time, I was 
under the impression that every highly abundant number of rth order is neces- 
sarily one of lower order. Now, it is shown that, in a highly abundant number, 

аз log 2 ~ log p. 
Further, in а highly composite number of Ramanujan, we have 
_ ag log 2 æ log p/log 2. 


142 S. В. PILLAI 


Hence, it follows that, after a certain limit, no number will be simultaneously 
highly composite and highly abundant. Во, itis clear that the above conjecture 
в not true in general. Yet the question whether в highly abundant number of 
. second order is necessarily one of first order and all similar questions remain 
unanswered. 


Л, p, v, p and P all stand for primes unless'otherwise stated. (2): ф(=) means 
that there aro positive constants k and І such that 


(а) < f(z) < lez). 
2. Let N be a highly abundant number of rth order and be of the form 


where 4, ;> 0 and ap zs 1. If possible, let Ln 
ар 2x ау +1, when p>v. "OS ока, У 
Further, let N'2N.v[p. 
Then N’ < М and is an integer, for аһ 2x 1, from (1). Во 
o_,(N) > o, (N). 


Live ky PT pe ptus e eT 


уй».Т ; pant 


Therefore 





paws cay Ue рт. e un 7 Dr 
у(а + I) wem» c uas — 1) 
тика pe fy ae а шы qs uei ert aaa quern 


> 


Бо 
NC + 2)r (yr ES (asc ly C ужин ЛЕД (an+ T)re -1). 


But ay <ay—1, by our supposition. In other words, av+2<au+1. Во 


l yet Dt ye у> pet Diy _ 1). 
That is р 
(u]» < yr - 117-1). 
But аһ+1 25 2, since аһ £1. бо 
(e)? < (Hr —1)/(у7 -1). 
Consequently > 
| 70 > p37.v* = p?" уй". д" +у®" = (ur —v")(urv* – р" у"). 
But &u'—v'20, since р> v. Bo 


02 рту —y* —v* (ш 1) (0 —1)-1 ... (1.a) 
But дъ>у+1 2+1. Бо | 
i ОЕШ = (09-1131. sae (Lb) 


Therefore the above is impossible; for (1.а) and (1.b) contradict each other. 
Hence our supposition that ар >= ау +1 is wrong. Hence in а highly abundant 


number 5 207 
dg > 03 >... 2®@„р>1. .. (2) 


HIGHLY ABUNDANT NUMBERS . 143 


8. Let x and y be two prime factors of №, a and b their respective indices 
and z be less than y. Now we shall find the relation between a and b. 


Let 7 n= [logy/logz] +1. .. (8) 
(i) Le =- .-- №=Му/ 2”. 
Further, let us assume for the moment thata œn. Then № < М and is an 


integer. Во. 


o_;(N) > o, (N!). 
Consequently Heu een 








Те" +... ter lty". tyr leant. фасе s PR +... bythe 
"E y?" == g(a-mr yorbr 


That is . y^ (z(^* Dr — 1). fyOtDr—1} > atrfae-at Dr 7} (y *97—1). 
Simplifying the aboye : 
y * 9r(g* 7 —1) > да+1)г(ут —1)--z"7—g* > glat Dr (yr —1), from (8). 
By taking logarithms, we have 
(b+2)r log y > (a+ 1) log x—log{(x*” = y* -1)). 

Bo b > (a+1) log z/log y —2—log((z"* —1)/(y* —1) } /r logy, .. (4) 
and a < (b +2) log y/log z—1-log(z"" —1)/(y* —1)}/7 log z. ... (B) 
If a < п, the above is obviously satisfied. Hence the restriction that а п is 


` 


unnecessary. 
(ii) Let N'=Nz"-!/y; and 621. 
Then № < М and is an integer. So : 





Lte +. tetr ity" +. peg. DE TAS EU 1+у7+...+у%7Ют 
PT у?" ga*n-Dr year 


That is g(n-Dr(gíatUr -1)(y^*v9r -1)2 уг {earner —1)Hy* "—1}. 
Simplifying the above, we get that 

or ано L1) < fee (yr 1) (y7 89—07) < yt 1) 
from (8). Во 





y^ <a Dr (ут) (етот р aD" ут). 
Taking logarithms, we get that i 





log z (yt-1 a"-v»r / 
b<(6+1) ву +106 { y^ РТ т log y, .. (6) 
logy y- кыы . 
апа = 1 log Í y^ БР т log 2. ... (7) 


Tf b=0, the above is obviously satisfied. Hence (6) and (7) are true without 
any restriction. я 


4. Now we shall prove thet ap=1 except for 4 and 86. Let 4 be the prime 
next above p. Then from Bertrand’s postulate, 9 <2p-1. Let №= №/2р. 
Then №! is an integer and is less than М. -- So 
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02'4..4979 lepra. kp? * 


9087 рёв" 
„1+2"+...+8ба—1)/” ltt (82—07 уфа" 
| ——M х— . 
да - T) б» "^a 
"Therefore 
: д" ча» к1_ pole * ®”— 1) > атрг(а®87..1)(р®7 —т)(1 + а”). 


Simplifying the above 


p^ * 1)" (alta * Ur, ara" —1)—2”} 


909 + Uf (roe — (or -p7)) - Фра)" - 27р" — 4g") <2 
In other words, 
ат r(or г | (ag + 1)r r r 
p" {1-(g"(2" —1) +27) /2 }<9" < (2p)". (8) 
Leta, рх #. Then from (7), by putting 2-2 and у=р, 


(dg +I ртт, 


—1 9gn-Dr 
(ag +1) log2 > tlogp— = 1 log f PS}, зао) 


> ilogp-tlog((p* —1)/p"}/r. 
for p* | (pr —1) > (27? (pr —1) р" ("0 —1)). 
Bo 202+ D" S ptr (pr - 1) pr pP (pr —1), 
Hence when а, > 2, from (8) | 
ple Иа (р) атре 1) са", — (0) 
for q < 2p. : 
Let р 25 and t с 2. Then from (9) 
| р" р” 07 <ar(pr—1)/{pr 1-4" +2°—(2/p)"}, : .. (0) 
x 2*(p-1)/(p-1—4«2—2/p) z;27(6—1)/(6—1—44.2—3)—8" x$ = 2'(B)r —5r. 
Во р< 5. Hence when p > 5, 
а»=1. e. (11) 
Therefore, if a, 22 2, then N is of the form 272.83, 
Let p=8 and аз 28. Then from (9) 


pts — Vr(3 — {47—27 + (8)7) /(87(87 —1)) car, 


So ar > 85s 7 ^t _ ar (9r -97)) x ats 7 yy, 
, Hence Gg <1+ log 2/log 8 + log 8/(r log 8) <3. 


бо a; 32, if р=8. А ‚.. (12) 
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Let N=2™ 82, and m 248. Put N'z27-!.8.5. Then №< М. Во 
(mt lr Br a r 2r — Е 
gmr 831] 99" 18 (i), 





"owe c ge er g tr 


err -1)g9 -1» 27.277109 - 1 (1 +i), 














57 
(8)7 (2"" —1)(827 —1) < 9m* Dr Br Ar g8r or gr m mt Dr L 88r 4.7, 
E gamer 83r(9r —1)—2r7.87 +1 
8 r 
i O Зато ' Q"-1)87-1) 
gar 327 (27 —1)—67+1 
< aper * QN-D989-1)' 
6 2+ 83(2-1)-6+1_4 4 
== 1, 
e 5 < g-18:1' Q5-187-1 7 56^ 
which в absurd. Hence 
m2. | .. (18) 
Let №-=92.38 and №=98.8. Then: 
e 4 
237—183" —1._ 24" —1 33" —1 
айе рет ав 
That is —247 —9r, 33742" > —897 —87, 24748". 


In other words, 
16"(8" —1) 27" (2r —1) +8" - 27 >27" (2^ — 1). 
Let т 22. Then from the above 








1 1 
beh. doe 
9 8 89 32 
(2) Ем. 
gr 28 


Непсе rog ВЯ glt < 5 ugs, 


log (8) —log 1—3) 
So, when 12.9, №2888; and. N—29.8? is a highly abundant number of the 
first order by verification. .. (14) 


Lastly, let N-2^9,a,2:3, and №=948-2. 3, Then 


galat Dr үү [ats > qota Dyha) x (gr 1)/87). 


So -8r > -8r4 202 +703", 
That ia а з 177 64" +87 =6r{1 + (3) (07) 
= 67.28 < 18" <2“", 


Therefore agt+1<4. Thatis 4352. 
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Hence when р=2, 





и ag <2. эө (15) 
1 |1 Ex d. 
Now | ++ lty lto? 
So 4 зға highly abundant number. Da Rs «ww (16) 


Consequently from (11)—(16), we arrive at the conclusion that, in a highly 
‘abundant number, ap, the index of the last prime is unity except т 4 and 36 
when r=1, and except in 4 when r 242. 


Hereafter, we assume that N > 86, во that a5—1. 


5. In (5) put z=, y=P, where P is the prime next above p. Then 
P<2p, anda¢,=0. Then 


ae? LH sr] pri | 1 2 log P 
ар < ee og ((u^* —1)/(P )} I(r log и) < "eu Я 
n (7), put TZ-—H,y—p, then b=ap=1. S0 


lo ~ б—1 (a-L)r 
üu >] 1227—1—108 = т} [лов и) 





> log p[log р—2. 
Hence (log p/log р) -2 «au < 2 log P/log p, we (17) 
and since P < 2 p, . 
ар log p= O(log р), ар log и o(log p). (08). 


6. Put =A, у= р then a—a, and b—a,. Then from (5) 


(a, +1) log A<ay log p +2 log p+ log (0*7-1/(G5 -1)- 


Bo ay log A ay log р < 2 log и—1ов A+— log (0*7 —1)/(и' —1)) 


< 2 log p=} log А" =) Ат" -1)). 


Now А" ара (ATT 1) А {р AD 1р1 0, 
for pA" )+1. So 

| log (A'(y* 71)/("707-1)) > 0. 

Hence, ША < р, then _ 

. ал log à — ap log д < 2 log и. .. (19a) 

From (6), =: . n ' 





(2-1r 
ар log р-а log А < 108 ZU US : | 


X log log 2. T t x „. ӨБ) 
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Therefore, since A<, from (19a) and (195), we have 


| ал log A— ap log p | < 2 log д. ... (20) 
Now from (18), : ах log A+ O(log p). 
Hence when log p=o(log p), from (20), Й 
аз log 2'~ аз log 8 == "же ар log p. .. (21) 


7. Putz-2,y-y,then a=ag, b=ay, Then from (4) and (6), 











log 2 "I. д-т 
ар < +1 + log 4 F cos te log д), .. (22) 
and ак > (a4 +1) 12 2-2-log((2*' -1) | (u* Зе log в). ... (28) 
B 
Let k=[(ag+1) log 2/log u], К+0= (05 +1) log 2/log и, 
"ed s geli 2"-1. i 
log $ ae T m 717 log р, log ЕСТ = 197 log и. 


Then from (22) and (28), 
k+0-Q—ng Z ap < +0+11, 
31 < log (3.3)/log 8—1og ($)/log 8 < 3, 
and na (log (2^/1) +108 (1—1/2*) —log (1—1/1))/log p 
e < {log (2*/u) -1/2* +1/(0— 1) } Лов в 

< {log 2+1- 0) Лов и, when u > 5, 

<h 
with the condition that u'z 5, 

When p=8, 


4'-1 
8'—1 





na < log r log 8 log 7l | log 8 <4. 


Hence y; and gg are each less than 4. 
So, if 6+, > 1, then 0—4 > 0. Consequently, k—1 < au SA +1. 
If 0-75 < 0, then 6-9 1. Sok-2 zz au 5 К. 
zt 9+11< 1 and 0—5g © 0, then k—1 z au zz k. 
Hence, when ag is given, Lhe indices of other primes can range along at 


most three values, and in most cases it will vary between only two consacutive 
integers. 


8. In this paragraph, we make some caleulations which are necessary for 
the next one. Let 


5—1468P—4 
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(i) P be the prime next above р, (i) AzpzvzP 
(iii) t=n(p) < p, and t 2 8, (iv) $ log v <p < 2 log v, | 
and ` (0) ma=[(log v)/(t log A)] +1. 
From (7), since A = >, | 
= r] AC-Dr 


Эн Au f у: 
(244-1) log A > алову Цор} ТЕ EP g 


> a, log v—log ((*73)/(A"71 —1)) zx ay log v—1og 2. 


А 1 а +1 = 2 
That is (2) . < E? А 


From (24), ma log А < (log v)/t+log А < (log у) /++106 и. 
Во APA < t uro „t/t i325 4011 dog у)?. 
E 
From (26) and (27), y af АНТ в (ор ууз | y. 
In (25), let v=p. Then, since 2p > P, 
(ал +1) log A > log p—log 2 > log (3P) — log 2 


t = Јов Р-2 log 2. 
When v— P, from (27) and (29), since t > 3, 


yma af ла 1.2 16РФ(ор p32] p. 
Now 16 vM log у)8/5 <1, 
when v > c, where c is а constant. Hence, when с < v z P, 


ama +] +121, 
When у < Р, from (24) and (28), | 


BiZE < (4 log v)” 
and when у==Р, from (29) and (24), 


m [279 < (r log P)/P. 
Нерсе, when с < v z P, p [2*9 < y. 


Similarly, when c < v < P, 21938 < 1. 
From (88), we can choose a constant сү, so that for all p I0 
log log p > 4 log 2-- 2/v-- 314.972 +1. 
Further from (19) and (20), 
Gg log 2+2 log 2 > a4 log A > ag log 2 — 2 log А. ' 


(24) 


(80) 


(81) 


(82) 


(83% 


(84) 
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So 4,972 > A^ > 94243, 
Therefore 34,299 +1 > уйх+1-„оаз+1 io, ... (B5) 
E Again log v/(t log A) « ma < log v/(t log A) +1. 

Thatis = VA АРА у IE oma o ә, 

So g «Ата с, 

‘Therefore 2773 [а < AMA < p2", | ... (86) 


Hence from (85) and (86), | 
am antic 1.22 2р! 292 #1 „з ате | 049, ... (87) 
9. Throughout this paragraph we assume that c< v ФР, аррос, 
where Р is the prime immediately succeeding p. When k < А, from (25) 
a, log k > log у/т(и), since (и) 22 8. ... (88) 


Now, let ET ый - 
Nahe НӨ, ag cs ume 


Then from (22) and (88), №! < М and is an integer. Во 
9g (ta +1)» 21 plet 1)r —1 „(9+ Dra 


от “ piet уй! 
д@а—те+1)т у yn Mut Dr zi ,Qrt3)" 4 
g(ag — mg)r x (tn ma) * „(й9+1)т 
That is 
d A id Tt Ur. 3g 1/202 *Dn uü siju + 1+) 
> („@» + 27. 30 A 1/2098 — "2 + Dn (| руб" +1)" ) 
Therefore 


2 yti)r 1 ЕР: MERE А 9 š 1 
= i [кот Ages Far g(1s * 1)r +... {1 mem 








omar gitar . 837 - | 


(as +1) uum. 
>=» [css Fi аа +1) g3 +1)" id 


wem] 


Cpu me yo quu gum. 
75 altr] p Get De 
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Hence 


e +1 аге, У Mar 817137 —1 E 
o (0s * 1)r gle + 1)т gts + Dr d 


Ещ ее d 2-2, 


Since the number of terms in each X; cannot exceed t times the number of 
terms in the previous X, from (29), it follows that 





тет 8737 -1 5 > QM? Omar БТ 1 
g(as + 1)7 glag +1)r olta + 1" 8(@з *Ür gas t 1)r 


M 


L0. .. (89) 


and a similar result holds for two consecutive 3s. Hence from (89), 


тот gst —1 997 gms" —1 
Жыт? Mu rn Заа ар tons 00 9 
But from (87), | отет та? 9, 
| 1.3 9.4 (41) 





“(ta + Ur от” 


` for the number of terms is $, Further from (85),__ 


(nod E LL. sole ec | 
ub шз Pu „бї >| дат | » 
From (40)—(42), it follows thet ~~ | a | 


(ay+1)r , отат or n 
Dantes [1-5 | fi-n . ^ s. (48) 
9097 QV i Ы 





When zzi log(1-2)2 -9e. | e. (44) 


So from (89), (48) and (44), we get that 
(ay +'1)r log v + log {+ тот log 2+ 2r log д 


> agr log 2—2/v" —2tp" [2797 . 
Henoe, since from (24), mg log 2 < (log v)/t+1, 
we have- dg log 2 < (a»-1) log v+ mg log 2+2 log р + log t1 9v 4- 210/979 
< (ay +1) log v- (log у) /t+1+2 log р +106 р +105 2—log log д 
+2/»+2ш/9°%; (fortes) < dafl) — 
< (ay +1) logv + (log у) [1+8 log p—8 log 2, from (84) 
< (av +1) log v+4 log log v; from (24), (iv). 
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For * t= n(x) > Би] (6 log p) > 4. log vílog ($108 v) > log уш log v. 
Hence when c <vsP, : А 

- dg log 2 < (+1) log v +4 log log v. ... (45) 
| 10. In the following paragraphs, we shall make some грона deductions 
from the previous results. ^ From (7), А 


= 909-1)" 
a» log v - < (ag +1) log 2— i log dl y" i аср —1' 





PER (8—1 i 331) 


8 2—1 

= Gg log 2--log (8) < ag log 9+1. 
Bo Gy log 2 > a» logv—1. б, .. (46) 
From (45), when c cab E : 
: ` ag log < (a+ 1)log v4 oi log v. ... (47) 
Put v=p in (46), and v=P in (47). Then a, —i in (46) and oy =0 in (47). 
Therefore log p71 < ag log2< log P 4-4 log log P 

«log p-- 14:4 log log p, since P «2p. 


Bo so. y aglog2-logp-O(loglogp). - КС we (48) 
Hence from (21) and (48), when logA-—o(logp), _ 

‘ ag log2 ~ aglog8B ~ Ы d, logA ~ logp. .. (49) 
Butina highly composite number (Ramanujan’s memoir, {оттп ша (86)). 

p аў1оё2 ~ (logp)/log2. < .. (B0) 
Consequently, from (49) and (50), we arrive at the important result that, after 


а certain limit, no number can” be эшш highly composite and highly 
‘abundant. 


The first highly composite мее Та which ів not highly abundant ів 7560, 
and we see many such numbers comparing the two tables. But as far as the 
tables go, every highly abundant number of the first order is a highly composite 

_number. That ів to say, I have not calculated the first highly abundant number 
of the first order whieh i is-not highly composite, nor any such single number. 

11. From (46) and ( (48), when с<у=Р, 

| _ (2з 108 2)/ 108 v) +1/ (log v) > a» 
> (ag log 2) / (log v) — 1 — 4006 log v)/ (log v). ... (61) 
Let A= [(@g log 2)/(logy)], s 69 
and (aglog2)/(logv)-Fe» be an integer, where —$ < 6» <4. Hence 


. (ag log 2)/(log v) = A--1— 6», when e» > | (59) 
- Б 
=А-в», when ey «0 


* The result that (2) 7 53/ (6 log 2), when æ >c, can be proved by elementary methods. 


A 
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Let ` 6» >0 вой . в» > 1/(і0ов у). ` ' ... (54) 

Біло v > с, (4 log log v)/(logv) <} ... (55) 

Бо from (51)—458), | | | 
A+1-ey+1/(logv)> a» > A —e»— (4 log log v)/ (log v). ... (56) 


Now from (58)—(55), - 
—6ry+1/(logv)<0, and  —e»-—(4log log v)/ (log v)» —1. 


' Hence, since a; is ап integer, when 6» > 0 and ey >> 1/08, 


а»==А _ ` ... (87) 
Secondly, let е, «20, and: —6y> (4log log v)/ (log »). 
So Log») <1; for — 4 « e, and 1/log v «i.] 
and — в, (4log log v) / (log ›) > 0. i . B is 


Hence from (51)- (58). 
А ~ 0» 1 (log v) > > A— i- EE (log v). ... (59) 


From (58) and (59), it follows that А+1 > а, > А —1. That is, when в, < 0, and 
—er > (4loglogv);(log v), we have 


üyzÁ. .. (60) 
From (57) and (60), it — that, when v > c, and | в» | > (4 log log v J/log ) у), 
| a, = [ (аз log 2)/ log v)]. ... (61) 
Lastly, when в» >0 and ey<1/(log v), 
а=А+1 or А, from (50); . в 
and when | в,<О and —ey< (4log log v)/(log v), (62) 


а›=А -or A-~1, from (59). 


Hence, when v2» 0, а» is determined in terms of dg exactly in most cases 
and with an error never exceeding unity in the other cases. From the results 
of §7, when v «Cc, we know that a» can be calculated in terms of ag with an 
error never exceeding one in most cages and with an error never exceeding two 
in the rest. 


12. Let A and д be: two consecutive odd primes во that A+2 4 2A. 
From (7), 








loge i pi ACCU! | 
ал > алд. Tp 1 fiog Fa ZJ (rlog X) 


А-П. 
> ap log (A+ 2)/(logA)-—2 = an+ (au]logA)log(1--2/A)—2. ... (08) 
Now log (12-22) >x, ifa<4. ... (84) 


and ' Gn > (aglog2)/ (log) — 22» (ag log 2)/ (log 2А) -2 from (19a) ... (65) 
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= 1 Gg 1069 
RE —9{-9. 
ит unl log 2A } 


Во a,2 au, if — (1/(AlogA)) ((ag1og2)/(log 24) -2} -2>0, 





or if 2d log A log 2A < а, log2 —21og А, 

А log 2 1 log 2 

f 2 2 06а ова. | . 
or i A(log A) (азва, + Е, <q log 2 


lg2, 1 log2 -> 
N 10g 4 108 2 
ing АБА Alice? F 


ҒА 7. Во when А = 7, ` 
ay > ay, if (A log А)? < (а, log 2)/8. .. (66) 


But, by verification, if A(log A)? < (ag log 2)/8, then ал > ар when A z5 
(including the case when A=2). 





Further A(log A)? < (ag log 2)/8, if A < (ag log 2)/83(log ag). 
Hence, if A «(ag log 2)/8(log a4)?, then 
аз > dg 22 ......ал > ay. : ... (67) 


Or, in other words, in a large highly abundant number, the indices near the 
beginning form a strictly decreasing sequence. 


18. Let us write N in the form 


2. 8. 5..,...рі .. (88) 
x2. 8. 5...... Ps 
x9. 8. 5......ра 
IRE \ 
where ру > рә 25 рз B ...... , and the number of rows is аз. Let P, be the prime 


next above py, so that log P,=log р« + О(1). Then (Ramanujan’s memoir, 
paragraph 9) 


a, an and dp Srl, and so ар, E 0, e (69) 


Put v=P, in (45) and v=p, in (46). Then from (69), it follows that 
nlogp,-1-«a, 108Pa—1< 431082 


(0р +1) log Py +4 log log P, <n log Py + O(log log Py) 
" 


=n bgpa-* O[n(P4 —p4) /p.] + O(log log pa). ... (90а) 
Bo nlogp4,-aglog2--O(n(P, —p4)/p«) + O(log log pa) ... (90) 
—logp; + O{n(Pa—Pn)/Pa} + O(log log p), from (48). ° ... (71) 


From Bertrand’s postulate (Р„—р„)/р„ = 0(1). So 
n logp, log; + O(n) + O(log log ру). 
Hence п 108 рь = logp, + O(loglog ру) ... (72) 
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ifn=O(loglogp,), and if n Æ o(lloglog pi), 








. MlogPa=log py + O(n). .. (78) 
From (72) and (78), it follows that if n—o(log p)), then 
. | n log Pa —logp;.' : „с (14 
‘Let us assume the prime number- theorem. Then -(Р„—р„)/р„=о(1), Во 
frorn (71), | nus à 
n log Pa —logp; +o(n) + O(log log p;). 
Hence nlogp, ~ logp,, forall n. ` ... (95) 
14. From (70a), | E 
ii 
в; log p. zz nlog p, + of Erpa) "Р, Pa) | + О (log log pw). ... (76) 
n E m “ 
From (72) and (78), log p, — O(n log ра). А . 
m 1/(log Pe) = Of" (log) — (77) 
From (76) and (77), it follows that : 
3 Dou. 
а gnto] 2 28 | +0(1). 
р, | log Р, “Pa ( 
Buta, =” from (69). So 
я 
$-. Pl | 
a =n+0] 2 cuc ва | +00). ... (78 
Pa bigs Pa ).. ue 
Consequently, in virtue of Bertrand’s postulate, 
= n O(n? (log p1)) + o(1). .. (79) 
n wee e Pe 
Зо, i£n—o(4logp,), then e 
| б. : .. (80) 


But ар. <n-1, from (69). Hence, if n=0(4/logp,), then 


‘Pi >Pe>.>Pa fo xw м @) 
In other words, in a large highly abundant number, groups of equal indices occur 
near the end. 


If we assume all known results about r(e), then from (78), it follows that 
if n-O((logp;)!'), 820, then 


ap mhi C _ = (82) 
for (P, —-Px)/Pn=Of{1/ (log p,)*}=O{n*/ (log ру)? }, 


Again, if we assume results about m(z) derived from Riemann hy pothesis, it 
follows that, if n=o{(log p1)/(loglog py)}, then 


i n. ог s (88) 
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15. Now we shall find the relation between N and ру. From (68), 


log N= 0(p1) + 6(ps) +0(pg) + ......, .. (84) 
where 0(7)= 5 logp. It-is known that (Landau, 518, $58) 
pz | . 
O(a) = a, | (elementary), 
Е (0) ==+0{/[(105 2): }, for every t, (деер). 
Бо log N = р1+рэ+рз+.. -+0{р1/(108 ру) }.- ^ s. (85) 
From (70a), as 28-1 15е log 2<logP,+4loglogP,, from (45) 
te ee =log ру +4 log log p + o(1). 
So - Ра= О{ ур.(106р1)}. - - IE. -. (86) 
and рз —0(ps), and so on.: Hence from (85) and (86), we get that 
log N = py. (elementary), 
and ^ log N=p, TO[pi/(loggpi'), . (deep). 
So log py =log log N + O(1), (elementary), 
and Dy =log N + Of{ (log N)/ (log log N)'), (deep). vA 


Let us assume the Riemann hypothesis. Then (Landau, p. 888). 
6(z) 2 z 4 O( c. 10832). 
Бо from (84) and (86), we have log N=p;  O( py log*pi). - 
That is U^ ^ p,-log N+ OL y (log N). (log log N) *}- n .. (88) 
16. Now we shall consider the order of N(z), where N(z) daisi the number 
of highly abundant numbers of rth order not exceeding =. Since 
or (Qn) So_,(n), . 


there is at least one highly abundant number between ; nand 2n. Therefore, it 


follows that . 
d N(x) = o(log г). 
І am not able to improve this further. ‘Lhe problem to find an upper limit 


` for N(c) seems to be as difficult as the corresponding one for highly composite 


numbers. We shall consider how far we can proceed. 

Let us cónsider Маа), where M(ag) denotes the number of highly abundant 
numbers in which the power of 2 is в constant Gg. From (62), a» is not definite 
only when O«e»«1/(legv, and 0«-—e;-(4loglog v)/(log v). 


y Let e»x:0 and —e»< (4loglog-y)/(logv). Then from (58), 


(05 log 2)/(log v) = A —6» < А + 4(log log v) Тор v. 


Bo аз log2 < А log у +4 log log у. 
Hence 2*3 <v4. (log у). 
But from (46), log v € 2ag + E Bo 
v^ 5 2^3 [(да„+1)*. ... (880) 
6—1468P—4 
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Similarly, ife, > 0- and е› < 1/08, then 


+ C pl Zo, ... (88b) 
So from (62), (88а) and (88b), it follows that only when Ў 
273 (ag log2--1)* & v* 92.6, 


а, is ambiguous. Even then it can vary only between two values. Since 
а» > ан, when ру, we get at most 
1 1. 
(2726) * — «(273 / (ag log 2+1)4}* 
A 
combinations when n is given. This cannot exceed (273 6) 5, But the total 
number of values that п can assume is аз. Hence 


а 
M(a,) < її gate (222, в)6 @з, 
E n= 
But from (45), us $ 
27? < P(log Р)* = О{р.(108 p)*} 
=Of{log N.(loglog №)*}, from (88). 
аз < (log log М) Лов ag + 415(n) + O(1). 
log аз < log log iog (N) + O(1). 


So Mla) <O{pllog p)4) ^ “2 = O(log N.(log log N)4) 50 +00. 


- 2 (log м8) + O(D. 


Hence N(z) Z agM(as) < 2 log log N.(log м) (N)-- O(1) 


= (log м)! log log N+ O(1) 
In other words, Б | 
N(2) = O£(log y)loglog log N+ OM). 


Table of highly abundant numbers 
























9 2*.8.0.7 2*8*.5.7.11.13 2*.8*.5.7.11.18.17.19 
gt - a ._- - - 9'8?.05.7 2*,8*.6.7.11.18 2 2%.82.5*,7.11.18.17 * 

. 8.8 2*.3*.5.7 2*.8*.55.7.11.18 2*.8*.5*.7.11.18.17 
93.8 - E "9^. B*.5.7 95 85,5.7.11.18 - 9*,8^.5.7,11.18.17.10 
2*.8 2*.8°.5.7 25,3*.5?.7.11.18 2*.85,5?.7.11.18.17.19. . 
27.8" 2*.8*.063.7 ^| 2*.8?.5.7.11.18 2°,83.6.7.11.18.17.19 
9+.8- - - | 83.8%.6.711 2*.8*.5*.7.11.18 2+.83.53.7.11.18.17.19 
92.8.5 , 2*.33.5.7 11 9° 8°.57.7 11.18 ` 2^,85,5*.7.11.19.17.19 
23.8.5 95.8*.5.7 11 2*.8? 5.7.11.18.17 25.85.5*,7.11.18.17.19 - ` 
2*,8*.b 2*.8*.5.7.11 2*.8*.52,7.11.18.17 2*.8*.0*.7.11.18.17.19 . 
2*.8.b 2*.8*.5*.7.11 2°.83.5.7.11.13 17 27 8?.62.7,11.18.17.19 ~~ 
9°.8*.6 2*.82.5.7 11 . 25,8*.5*.7 11.18.17 2°.8*.5%.7.11.18.17.19 . 
2*.3°.6 2*.9*.5*.7.11 2°.8*.5.1.11.13.17 2*.83.6*.72.11.18.17.19 
2.8.5.7 .25.8*.5 7.11. 2* 82,52.711.18.17 . | 9*.83.5.7.11.18.17.19.28 
2*.8*.6.7 9*.8*.6.7 11 13 2* 35,5?,7.11.19.17 2*.82.55.7.11.18.17.19.98 
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